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ABSTRACT

The invertibility of finite state machines is considered in detail. Necessary
and sufficient conditions for the general class, as well as some important sub-
classes, of finite state machines to be invertible with delay L (called INV #L if
L is the least delay for which an inverse exists) are given. Some structural
properties of INV #L strongly connected machines with input and output sets of
common order are derived. It is shown that every state on such a machine
allows the same number of output sequences of ~length L or longer. Further-
more, it is shown that every set of final states, reachable from some known
initial state with common output sequence of length L or longer, has identical

cardinality.

The results of some previous research are related to this work, The
concepts of information losslessness (IL) and information losslessness of finite
order as established by Huffman are considered and related to invertibility.

A necessary and sufficient condition for information losslessness in the
case of strongly connected machines with equal order input and output sets is

given,

A new type of state equivalence is presented, viz, output equivalence. It
is shown that the output equivalence relation has» some particularly interesting
consequences in the cases of INV #L and IL machines. A state reducti_on of
INV #L machines based on output equivalence preserves invertibility, although

not necessarily inverse delay. Although state reduced IL machines do not, in



general, retain the IL property, it is shown that losslessness is preserved for
the class of strongly connected machines. Several other structure preserving
properties inherent in the state reduction of output equivalent states are

demonstrated.

Invertibility and losslessness of the class of finite input memory machines
is considered. The implications of INV #L and IL characteristics on the output
function which defines output response are investigated. Sufficient conditions

for output functions of non-degenerate finite input memory machines to yield

INV #L and IL behavior are given,

Finite output memory machines and properties related to invertibility are
examined. It is concluded that a non-degenerate finite output memory machine

is invertible with zero delay or is not invertible with any delay.

A particular problem concerning the invertibility of linear finite state
machines is defined and solved. The result is a necessary .and sufficient con=-
dition for the existence of a feedforward inverse for a general linear finite
state machine, thereby extending an earlier result of Massey and Sain. A

procedure for the construction of feedforward inverses with minimal delay for

linear finite state machines is also given.

Upper bounds on inverse delay for an N state machine are investigated. It

is shown for a certain restricted class of binary finite state machines that the
upper bound on inverse delay grows only linearly with N. By construction, it
s zlso shown that there exists an N state, INV #L machine with L = N{(N-1}/2

for every N. The construction, however, requires a very large output set for

large values of N.
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GLOSSARY

FSM Finite state machine

S State set

X : Input set

Y : Output set

8 : Next state map (also final state map) |
A : Output map (also output sequence map)
M : An FSM

M : An inverse FSM

X0 : Set of length n input sequences

yn : Set of length n output sequences

x" : A length n input sequence

yo : A length n output sequence

A : The empty tape

N : State set order

Y2 (sq) : Length n output sequence set (page 13)
S; V™) : Initial state set (page 13)

XD (s5, ¥M: Length n input sequence set (page 13)
S¢ (s, y%) : Final state set (page 13)

F (s) : Length n output sequence - final state pair set (page 13)
¢ : Empty set

L : Inverse delay

INV #L : Invertible with least delay L

iv



1L : Information losslessness

ILF : Information losslessness of finite order
Op : Output n-equivalence relation

™ : State set partition generated by O,
OMR : Output minimal representation
FIM : Finite input memory

FOM : Finite output memory

f : Output function

u : input or output memory

LSC : Linear sequential circuit

G (D), H(D): Transfer function matrices’

1) : Transformed input vector

T (D) : Transformed output vector

A B C E: LSC structural matrices

ged : greatest common divisor

lem : least common multiple



CHAPTER I

INTRODUCTION AND SOME PRELIMINARY RESULTS

There are, in many fields of engineering, a number of physical systems
which can be synthesized or analyzed as finite state machines. These systems
are characterized by finite input alphabets, finite output alphabets and a finite
set of states or conditions which the system may assume. In addition, the
behavior and response of these devices are specified by two relations; one
which defines the state behavior and one which specifies the output response.
Finite state machines may serve as models of digital computers, digital com-
munication systems, numerical process controllers and other important
physical systems. Hence, the study of finite state machines is not simply of

academic interest, but has significant engineering application.

In the study of the behavior of physical systems certain properties and
characteristics are of paramount importance. Among these properties are
stability, controllability, observability and invertibility. It is the last of these

characteristics which is to be considered in detail here.

Let us formally define the machine model which will be considered in our

work.

Definition 1.1: A finite state machine (FSM), M, is a five-tuple,

M =<8, X, Y,4,A>, where S, X and Y are finite state, input and output sets

respectively and § and A are mappings such that:



§: SXX=—§ and A S XX iy

or such that from a time viewpoint:
d(s ), x(t))=s t+1)and A(s (t), x(t)) =y (t)fort =0, 1, 2 <c°°° .
We will also refer to FSM's as sequential machines or simply as machines.

No confusion should result since only ¥SM's will be considered in this work.

Systems such as described by Definition 1.1 may be represented by
several techniques. Two of these techniques are the state diagram and the
state transition table, Examples of both sequential machine representations

are given in Figure 1.1.

X
S a b
8 s
s %24 3
] 8
%2 37 45
8 8
53| 2 55
N 5| 8
85 85? 547

(a) STATE TRANSITION DIAGRAM

(b) STATE TRANSITION TABLE

FIGURE 1.1 - TWO REPRESENTATIONS OF A FINITE STATE MACHINE, M

In the example of Figure 1.1 we have
S = { S1, Sg, S3, 84, 85}
X= { a, b}
Y-{e, 8,7
and the orders of the state, input and output sets are five, two and three

respectively.



It is convenient to extend the definitions of input and output sets. Let Xk
be the finite set of all length k sequences of elements of X. Then define X*
from
00
x*=x0uxtux?uy seeeer = U X
i=0

where X? is the set containing only the sequence of length zero, i.e., only the
empty tape, A.  Similarly let YK be the finite set of all length k sequences of

elements of Y and define

. Q0
Y¥=v0 uvluy2 yeeeeer = U vi

Further let us extend the output and next state mappings in a corresponding
way. Let A* be a sequence mapping such that, for any n 2 0, A* (si, x1) =yl
xM e X y? e YP where y? is the length n sequence of output letters produced
from state sj by the input sequence x2, Let §* be a state mapping such that
é* (si, x) = sf where sf is the final state reached from the initial state s; by
the input sequence x?, In the work which follows the '*' symbol will be omitted
in both output and state mappings since the superscript n applied to the input
sequence x in the mappings, A(si, x%) and 6 (sq, x1) adequately identifies
the output sequence and final state. For example in the sequential machine of
Figure 1.1 if x8 = x; x x5 x4 X5 X = babbba, then A(sy, x%) = @ @ 887B8and

8 (s1, x5) = s4.

Let us now define an inverse finite state machine.

Definition 1.2: An FSM M' =<8' X' Y' §', A'>is a delay L inverse with

respect to state s, € S for an FSM M =<8, X, ¥, ,A> if X'2 Y and Y2 X



and if there exists SO' € S' such that for every n ZO, for every x ¢ X1 and
for every ul € XL we have
A (50, Asg, xm uly)=alan

for some arbitrary al ey'L,

We observe that, if M has a delay L inverse with respect to some state,
then this clearly implies that M has a delay L+i inverse with respect to that
state for every i 20. We observe also that Definition 1.2 considers an inverse
in terms of a particular initial state. The existence of an inverse with respect
to one state does not guarantee that an inverse exists with respect to every
state in 8. I, however, for any two states, s; and sj, we define sj to be
reachable from S if there exists x? for some n 2 0 such that 6(sj, x) = 8,

then we have the following result.

Theorem 1.1: If an FSM, M, has a delay L inverse with respect to s, “then

M has a delay L inverse with respect to every state reachable from s.

Proof: Let M =<S', X', Y', 8" A'> be a delay L inverse for
M =<8, X, Y, § > withrespecttosy. Lets; be any state reachable
from sg. It follows that there exists an € X" for some integer, n, such that
(] (s0» a) = sj. Let x™ be any length m input sequence. By Definition 1. 2,
there exists so' € S' such that

A (sO', A (s, a? xI uly) =al an xm for some al: ¢ Y'L and
for every ul exL. Lets; =8' (59, A (sg, an)). It follows that

A (si', Als;, x™m ul)) = BL xm where BL is the sequence con-
taining the last L letters of al an. Since ¥ and ul* may be selected arbi-
trarily, it is concluded that M isa delay L inverse for M with respect to state

Si.



We turn now to the problems of testing sequential machines for inverse
existence, of determining inverse delay and of constructing an inverse when it
exists. Our next result provides a necessary and sufficient condition for the
existence for a delay L inverse and contains an implicit procedure for inverse
construction. The construction procedure employed is similar to one given by
Even! but is more general in that it is applicable to the general class of all
machines conforming to Definition 1.1. Certain modifications of Even's pro-

cedure are necessary in the case of machines for which the next state map, 4,

is not onto.

Theorem 1.2: An FSM M has a delay L inverse with respect to s, € S if and

only if for every x™ and u® ¢ X®; n=12 3 *cecc; xR #F Ul =>

Alsg, x" vy # A (sg, u® WL) for every v and wl e xL.

Proof: Let us first consider the "only if" portion of the theorem. Suppose
that a r;lachine M' is a delay L inverse for machine M with respect to state 80-
Suppose further that there exists a® #b™ € X™ and c¢L and d¥ € XL such that
A (sg, a® cly = A(sg, b" dl). By Definition 1.2 there exists so' € 8' such
that ) (so', A5, a® cly) = ol a® and A’ (so', A (s, bt dlyy = 8L p? for
some ol and gL €Y'L, But by the assumption that A (s,, al ¢l =

L

A(sg, b0 dL) it follows that @™ an = 8T bn which is possible only if an =bn,

Hence, by contradiction, necessity is shown.

Is, Even, "On Information Lossless Automata of Finite Order", IEEE
Transactions on Electronic Computers, Vol. EC-14, August 1965, pp 561-569.



Let us now consider the sufficiency of the condition
£ u > A (S0, % VL) # A (80, " WL)
for the existence of a delay L inverse with respect to s). To prove suffi-
ciency we assume that the condition holds and construct an inverse for M.

Let M' =<s' X', Y', 8', A' > be defined by

L-1 ‘
s' ={ UJ { [so, y‘]: There exists x! such that
i=0
A (sq, xi) = yi}}l ] {[si, yL] : s reachable from s( and
there exists x such that A (sg, xL) = yL} .
» t : 1] [}
For every [SO, yl] €sS; 0Li LL-1; if [so, y' z| € S, define § and A by
1 a 3
) ([S()’ y]'], z) = [SO) yl Z]
A ( [SO: yi] , Z) = an arbitrary letter from Y.
For ever [ ; L"IJ ' i L
y | si,a8 € S and for every z such that there exists a b™ such
that A(si, a ply =aB L-1 7 define §' and )\' from
' ([si,a B L'l:l, z) [5 (s, 2), g1 z:]
A (I:si,a'BL'l:l, z = a.

. . . m e s
Since s; is reachable from s by some input sequence ¢ for some m it is clear

i

from our assumption

Alsg, ¥ vD) = A(sg, uPwl) = x0 =0
for all integers n, that A(s, c™ a bL) uniquely defines the input sequence c¢™ a
and hence, the input letter a. Therefore, the mappings 8' and A' are well de-

fined in all cases considered. In all other cases let the next states and output

letters be specified arbitrarily.



We claim that M' is a delay L inverse for M with respect to state s,. To
verify this assertion consider the result of application of any input sequence,
say, x (0) x (1) x (2) **°°** to M in state s (0) = so- Let A(sg, x(0) x (1) x (2)
teecsd y=y(0) y(1) y(2) »++ -+ be applied as an input sequence to M' in state

"ioy=g. ' = 0 0 -
s (0) = Sg = [so, y:| , Wwhere y° = A is the empty tape. By the construction
of M' we have
1
s' (L-D)= [5g, O y (@) eeeeer y (-1)].
Moreover, by construction we have
1
s' = [86sg, xO)), yA) vy @) *+* y (1]
and yY (L) =x(0) .
Again by construction we may write
1
s' (@41) =[36s @), x ), y@) y 3) *++* v (1#41)]
and y (L) =x(Q) .
By induction, it follows that for all t 2L
s' @)= [s¢-L+1), y-L+1)yE-L+r2) oy )]
and y' t) =x (t-L) .
Therefore, M isa delay L inverse for M with respect to state s, and the con-

dition of the theorem is sufficient for delay L inverse existence,

The constructive proof of Theorem 1.2 provides a procedure for inverse
construction. To illustrate the application of Theorem 1.2 in the construction
of inverses, consider the FSM M defined in Figure 1.1. It can be shown (e.g.,
by Theorem 1.3, to follow) that the machine of Figure 1.1 has a delay two
inverse with respect to state s;. Following the steps of the constructive proof

of Theorem 1.2 for L = 2 we define such an inverse as in Figure 1.2,
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FIGURE 1.2 - M', A DELAY TWO INVERSE FOR M

WITH RESPECT TO STATE 81




The inverse machine M' should be initialized to state [s, A] inorder to

properly recover the input letters of M when M is initialized to state s;.

We note that an inverse constructed according to the procedure of Theorem
1.2 will) in general, not be minimal. Based on the construction it is possible
to state an upper bound on the number of states in the minimal inverse. The
maximum number of states in such an inverse follows from the définition of M'
and is given by
L-1
(#S')M Ax = MAX [# LJ(; { [SO> yj} : there exists xJ such that
j=
A(sg, x) =yl {]
+ MAX [# {[si, yL] : s; reachable from 8¢ and

L

such that there exists x™ such that

Asp, ¥y =yL | ]
=1+ @YY+ BY)E +eeees + )L 4 sy . )L

L
_(#Y) -1 L
= ————-—-( )1 + (#8) « (#Y)™ .
Where #S and #Y indicate the number of states in the state set and the number

of letters in the output set respectively.

An interesting characteristic of the inverse machine M of Figure 1.2 is
that, if the ""don't care' entries are removed and the next state and output
mappings are completely specified, M' does not have an inverse with respect
to any state. This may be verified by any of several methods to be presented

in later sections and is concluded as a result of Theorem 1.5 to follow. It is

' .
noted, however, that with any assignment of '"don't care' entries M remains



a delay L inverse for M with respect to state s, . Therefore, it is not in

general true that every inverse machine itself has an inverse,

" Incompletely specified machines will not be considered further in this
work. The introduction of '"don't care" or unspecified conditions complicates
the study of inverses and results in a situation in which inverses may exist for
certain next state and/or output assignments, but not for others. Hence, only

completely specified machines will be treated in what foliows,

Of course M' is not the only inverse which may be constructed for the
machine M of Figure 1.1. To illustrate the existence of two non-equivalent,
non-equal delay inverses for the same sequential machine, consider the

machine M of Figure 1.3.

[

g y

e o

FIGURE 1.3 - FSM M, A DELAY ONE INVERSE FOR M
| WITH RESPECT TO STATE s,

1t
Now both M of Figure 1.2 and M of Figure 1.3 are inverses for M of
1
Figure 1.1. The machine M is a delay two inverse for M with respect to state
81 while M'' is a delay one inverse for M with respect to s4,. We note that M"

is a delay one inverse for both s4 and sg with initial state correspondence,

10



11

S84 €—> [34, ﬁ] and 85 €—> [ss, ,{,:], as we know from Theorem 1.1

14}
since sg is reachable from s4. However, M is not an inverse with respect

to sq for any delay.

The machine of Figure 1.1 is one of a class of sequential machines for
which an inverse exists with respect to every state. This follows from
Theorem 1.1 since an inverse exists with respect to state S1 and every state
is reachable from state s;. It is noted that the condition of Theorem 1.2 does
not provide a convenient test for the existence of an inverse with given delay
L since input sequences of every length n __>_ 1 would have to be considered in
order to verify that output sequences of length n + L are distinct for each
length n input prefix. The following result, however, provides a test of finite
length for existence of an inverse of given delay, and shows that the casen=1
is the only one which must be considered if one examines all states reachable

from Sg-

Theorem 1.3: An FSM M has a delay L inverse with respect to state s if

and only if
x#u S Ay, xal)# Asjubly

for every s; reachable from s, and for every al’ and bl € XL.

Proof: (Necessity) Suppose M isa delay L inverse for M with respect to 8¢

Suppose further that for some x # u € X and for some s; reachable from s, we

L

have A(sj, x aL) = A(si, u bL) for some al* and bT € XL, From Theorem 1.1

it follows that M has a delay L inverse with respect to si. But as a consequence



12

of Theorem 1.2 it is required that A(s;, x al) # AlBg, u bly for x # u. Hence,
a contradiction results and the stated condition is necessary for the existence

of a delay L inverse with respect to sg.

(Sufficiency) Suppose that the FSM M satisfies A\(sj, x aL) # Alsg, U bL) for
every sj reachable from sy and for every x # u and al and bl e xL, Suppose
further that no delay L inverse exists for M with respect to state sy. In this
case, it follows from Theorem 1.2 that input sequences x! =x; xg ceee* x,
and u? =uy up *** u, can be found for some n 21 such that x0 # ul and such
that A(sg, X cl) = A(sg, u® d¥) for some cl and d™ € XL, Let 1 be the index
of the first letter in which x™ and u® differ. Let 85 =8(8g, X Xg **** X 1) =
6(sg, U Uy oo+ u;_q). But 8 is reachable from sg and A(85, Xi Xj+1°°°° xncL)
= A(sj, Uy PIFTRRD undL). ~ Since x;j # uj we have a contradiction of the 1ﬁitia1
hypothesis. Consequently the assumption that no delay L inverse exists with
respect to state s, is not compatible with the initial hypothesis and the

theorem is proved.

Since the number of states on the sequential machines under study is
finite, Theorem 1. 3 defines a test of finite length for the existence of an
inverse with a specified delay with respect to a particular state. The maxi-
mum length of the experiment necessary to show that a.n inverse does not
exist is the subject of Chapter VIII which considers bounds on inverse delay.

Other systematic tests for invertibility will be considered in Chapter III.

We now turn to the definition of certain output sequence, input sequence

and state sets. These definitions will be useful in the discussion of various
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structural properties of machines with inverses and will serve to make the

proofs more concise. To this end we define the following.

Definition 1.3: The length n output sequence set for state s; is given by

YR (s5) = %yn: There exists x” such that Als;, xMy = yn} .

~ Definition 1.4: The initial state set for output sequence a® is given by

5; @ = {s:0m €Y ()} .

Definition 1.5: The length n input sequence set for initial state 8; and output

sequence a® is given by

X2 (s;, a™) = {xn : sy, xT) =an} .

Definition 1. 6: The final state set for initial state 8 and output sequence a®

is given by
St (sj, a™) = { s : There exists x € X” (s;, @ ™) such that

8 (sq, XM = s} .

Definition 1.7: The length n output sequence-final state pair set for state s;

is given by

P (s;) = {0, 5) : YR € Y (5;) and s € 5¢ (51, 7)) -

The sets given in Definitions 1.3 through 1.7 will be employed many times in

the work which follows.

The sets defined by 1.5 and 1.6 imply a measure of uncertainty concerning
possible input sequences and final.states. Given an initial state s, and an out-

put sequence an, the order of the length n input sequence set for 8¢ anda® is a



measure of the uncertainty concerning the input sequence which could have
produced the output &, The order of the final state set for 8o and aisa

similar measure of uncertainty concerning the final state,

We shall be greatly concerned with the cardinalities and relations between
the cardinalities of the various sets defined by 1.3 through 1.7. In particular,
the implications of inverse existence on these set orders will be of interest.

One such, rather obvious, relation between set orders is given as

2

Theorem 1.4:" If an FSM, M, has a delay L inverse with respect to state s,

for some L, then #X™ (s;, &) = #S; (s;, a") for every s; reachable from s

and for every a € Y" (s;), n=20.

Proof: Clearly #X? (s;, &) > #5¢ (s;, @) for any machine. Suppose
#X1 (s;, a®) > #5¢ (s;, a™) for some s; reachable from s and ™ € Y™ (s).

It follows that there exist a® # b" € X® and s, € S¢ (s, an) such that both

K

AGsi, 2% = A(si, b™) = o™ and §(sj, a")= §(sj, b") = s,. But then A(s;, a"x

= Asj, b" x¥) for every %K € XX, k 20. Since a® # b® it follows that there

exists some state 8; reachable from s; (and thus from s;) such that

)\(sj, xcL) = Msj’ udL) for x# u. By Theorem 1.3 M does not have a

delay L inverse with respect to s 0 for any L and the theorem foliows.

2It can be shown that the assertion of this theorem holds for a somewhat
weaker condition, i.e., the information lossless condition to be considered
in Chapter III.

14
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Another result which can be proved quite easily as a consequence of
requirements on the order of the length n output sequence set for any state

s; is the following.

Theorem 1.5: An FSM has no inverse with respect to any state if #X > #Y.

‘Proof: Suppose for some FSM M we have #X =q and #Y = p. Suppose fur-
ther that q >p. If a delay L inverse for M exists with respect to state s; we

YL (55) >4 for every

have as a direct consequence of Theorem 1,2 that #
n>1. Butthere can exist at most pn+L output sequences of length n + L.
Hence, #Y™*L (5;) < p™L 1t follows that p®*/q® > 1. However, consider

the behavior of pn+L/ qn as n increases without limit. We have

LIM [pn+L /qn:l - pL LIM [pn /qn] =0
n—> o n—> o

since q > p. Therefore, the existence of an inverse for M requires that

q<p.

As a consequence of the previous result we may state an additional neces-
sary condition on the union of the length n output sequence sets. It is possible
to show that if a sequential machine has an inverse, then a certain number of
distinct output sequences of every length must exist, The necessary condition

is given as

Theorem 1.6: If an FSM M has a delay L inverse with respect to state s for

some L and if #X = q, then for any j 2 0.

#{ CJ Yj(si)}qu.
s; reachable
from Sg



Proof; Consider the FSM M) (8¢) =<S*, X*, Y*, 6*, A*>which is the j-th
extension of M with respect to state s( and is defined by
s* = { s{ : there exists xJ such that é(so, x0) = 8;; n.Zl}
x*= %
Y= { yj : there exists s; € s* and xJ such that FYCTR xj) = yJ }
8" (s, %) = 8(sy, %)
A* (sy, xj) = A(sj, xj)
Suppose #{ U e (si)} <qj .

si reachable
from s

This implies that #Y* < qj = #Xj = #x*. By Theorem 1.5 no inverse with any
delay exists for M) (so) with respect to any state. However, if M has a delay
L inverse with respect to state sy for some L, then it follows that the j-th

extension of M' with respect tb so', M'j (so), is also an inverse for MJ (so).
Hence, if M has an inverée with respect to s(, the assertion of the theorem

follows.,

In the special case for which #X = #Y, the result of Theorem 1.6 may be

extended by the following two corollaries.

Corollary 1.6.1: If an FSM M has a delay L inverse with respect to

state s for some L and if #X = #Y = q, then for every j >0

# UJ  de)=d
8; reachable
from 8¢

Proof: If #Y = q it follows that

#f U A<+ ve}<d.
sj reachable 8; € S
from s

16
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Since M has an inverse with respect to state s, Theorem 1.6 requires that

#{ U Yj (si) }qu
s; reachable
from s

Hence, it must be that

#{ U Y (sy) } = qj
s; reachable
from s

Corollary 1.6.2: If an FSM M has a delay L inverse with respect to state s

for some L and if #X = #Y = q, then for every j 20 and for every yj, there

exists some state, say s;, reachable from s\ such that y) € Y3 (si)-

Proof: The proof follows trivially from Corollary 1 since if there exists some
output sequence yj for some j such that yj { Y) (s;) for any 8 reachable from

S0 then

#H T Yep)Sda
sj reachable
from S0

and the condition of Corollary 1 is not satisfied.

This concludes the preliminary results of Chapter I. 1In this chapter we

have presented a very general inverse definition pertaining to the general class
of finite state machines. Some implications of inverse existence were investi-
gated, necessary and sufficient conditions for inverse existence were obtained,
and some requirements on certain input, output and state set orders were de-
rived. In the next chapter we will modify our inverse definition to some extent
and show some interesting properties of a more restricted class of FSM's for

which an inverse exists according to this modified definition.



CHAPTER I
GENERAL DELAY L INVERSES

In this and in succeeding chapters we will make use of a modification of the
inverse definition given in Chapter I. An FSM M' will be considered a general
delay L inverse for an FSM M if M isa delay L inverse with respect to all

states. Formally we will consider the following.

Definition 2.1: An FSM M is a general delay L inverse for an FSM M if M'

is a delay L inverse for M with respect to s for every s € 8.

Furthermore, it will often be necessary to consider the least integer L for
which an FSM has a general delay L inverse. For convenience we shall say
that M is INV #L if L is 't_he least integer for which M has a general delay L
inverse. Moreover, we shall say that M is invertible if M is INV#L for some

integer L, Invertibility will be considered in this sense in all that follows.

In this chapter some structural properties of a certain class of invertible
finite state machines will be investigated. A necessary and sufficient condition
for machines of this class to possess the INV #L property will also be pre-
sented. The class of FSM's to be considered is defined by two constraints;

strong connectedness and equal order input and output alphabets.

Definition 2.2: An FSM is strongly connected if, for all possible pairs of

states s;j and s;, there exists some input sequence x™ for some n such that

6(Si, Xn) = Sj'

18
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It is clear, in the case of strongly connected machines, that an inverse with
delay L with respect to any state implies the existence of a general delay L
inverse. This follows immediately from Theorem 1.1 since every state is

reachable from every other state if strong connectedness holds.

The two characteristics of strong connectedness and #X = #Y together with
the invertible condition yield some interesting results concerning the structural

properties of FSM's of this class. One of these results is given as

Theorem 2.1: If M is a strongly connected, INV #L. FSM with #X = #Y =q,

then #S; (s, y")=J for some J, for every s € S, for every y? € Y" (s) and for

every n ?_ L.

Proof: Let s; and al satisfy

#5¢ (s, Ly MAX #3¢ (s, y1)

ses, yle vL (s)
and in addition, define J = #S¢ (s, aL). Suppose there exist 84 and B with
n ZL‘ such that #S¢ (sj', Bn) # J. From the strongly connected property there
exists ¥X for some k such that 8j € 5¢ (s, O L )’k). But if M is fNV #L it
follows that the sequence al Ykﬂ n implies the (k + n)-th successor of sj, say
Sk. Let PL be the last L letters of 8. Consequently, we may write
S¢ (s;, @ L )’kﬁn) = 8¢ (s;, 8% = S¢ (sy pL), which in turn implies that
#5¢ (Syg, pl) < J since J is maximum over all such state sets and

#8¢ (sj, B™) #J. But Theorem 1.4 implies that

#xLtkn g ol yKy = D" yg(q al Ky =gktn . g,
yktnTeyk+n yk+n eYk"'n



Hence, since #X = #Y = q and since #5¢ (s;, al yk A1) <J, there must exist
some oK1 guch that #S¢ (si, & Lgk+ny> 5. But the INV #L property again
requires that al: ¢ K implies the (k+n)-th successor state of 8i, say spn. Let
nL be the sequence containing the last L letters of okt 'follows that

St (si, al 0’k+n) = 8f (sn, nL) and hence that #S¢ (sp, r)L)> J. Therefore,

J is not maximum as was assumed and by contradiction the theorem follows.

The result of Theorem 2.1 requires that, for the class of FSM's consid-
ered, the observation of any output sequence of length L or longer from any
known initial state yiélds the same uncertainty regarding the final state. The
order of the final state set is the same for any choices of initial state sj and

output sequence of length L or longer allowed by s;. 1

By Theorem 1.4, it
is clear that this result may also be extended to show that the length n input

sequence sets all have common order.

Another quite similar result concerning the order of the length n output

sequence sets for n 2 L can be shown. In this case we may state

Theorem 2.2: If M is a strongly connected, INV #L. FSM with #X = #Y = q,

then #Y® (s) = q"/J for every s € S and n=> L.

Proof: As a result of Theorem 2.1 we have #S¢ (s, y =J for n 2L and
y? € Y? (s). By Theorem 1.4 we have #5¢ (s, y0) = #X" (s, y™). But it is
always true that

#XP (s, yM) =q"
y? €YD (s)

Hence, #Y" (s) - #X® (s, y") = #Y" (s) » J =q™. Consequently, #Y" (s) = q"/J.

1We say that a state s; allows the output sequence y if there exists x® such
that A(s;, x7) =y,

20
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Since the number of distinct output sequences of any length must be an
integer, it follows that J divides q®. In the special case in which q is prime

we have the following corollary.

Corollary 2.2,1: If an FSM M satisfies the hypothesis of Theorem 2.2 and

if, in addition, q is prime, then for every n 2 L, for every s € S and
y? € Y™ (s) there exists some integer j such that #S¢ (s, y™) = #X™ (s, y™) = qj

and #YP (s) = qB7J,

Proof: When q is prime the requirement that J divide q™ for every n 2L

implies that J = qj for some j. The corollary follows.

The preceding two results of Theorems 2.1 and 2,2 illustrate important
structural properties of strongly connected, invertible machines with the
same input and output set orders. For example, if M is a binary input,
binary output, INV #4 FSM, then the number of output sequences of length

four allowed by any state must be the same power of two, say 2k, for some

k <4. If, for instance, any state allows precisely three sequences of length
four, then no delay four inverse exists. Furthermore, we have that #S8; (s, y")
is the same power of two or 247K for every s € S and y € YP (s) if n = 4.
Hence, uncertainty is preserved and output sequences of length four or longer

do not yield differing uncertainties regarding the applied input sequences.

These highly restrictive structural properties tend to limit the number of
invertible, strongly connected FSM's with #X = #Y. Although no enumeration

of such machines will be attempted for specified input, output and state set
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orders it is apparent that these machines form a small part of the set of all

such FSM's.

Our final result of this chapter will be a necessary and sufficient condition
for a strongly connected FSM with #X = #Y to be INV #L. The proof of this

result will incorporate the following lemma,

Lemma 2.1; If M is an INV #L FSM, then {Yn (s Y" CH) } = @ (the
empty set) for every n2 L and for every si, Sj € St (s, yL) for any s € S and

yLe YL (s).
Proof: The proof follows directly from the definition of an INV #L machine,

Lemma 2.1 states that no two states in any final state set for any initial state
and length L output sequence can allow a common output sequence of length L
or longer. Making use of the lemma and of Theorems 2.1 and 2. 2 it is possible

to show

Theorem 2.3: If an FSM M is strongly connected and #X = #Y, then M is

INV #L if and only if for every sj € S andal e YL (81)

U we-m

8 € 5S¢ (sy, aL)

for every n20.

Proof: We first consider necessity. By Lemma 2.1 it follows that

¢l U wel= 2 me

s € 8¢ (sy, ol s € S¢ (8, al)

for n.2L. This follows since no two states in 8¢ (s4, aly can allow the same
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length n output sequence. The results of Theorems 2.1 and 2. 2 further imply

that

> #Y0 (5) = qP = # {¥0}.

s € S (s, a1

Hence, it must be that

UJ YD (s) = YO,

Clearly the necessity of the above result for n>L implies the result must

also hold for n = 0. Consequently, necessity is shown for all n 2 0.

We next prove sufficiency. To do this we assume that

U Y0 (5) = Y1

s €5¢ (s, aly
for every n2> 0, for every s; and al e YL (sij) and show that M is INV #L. Let

J= MIN #¢ (s, v1)
ses, yL eyl (s)

and let 8 and BL satisfy #S¢ (sj, ‘ BL) =J. It follows from our initial assump-
tion and from the fact that #X = #Y that #S; (sj, B L yn) = J for every n and for
every y®. If this property does not hold, then there must exist some successor
of 85 and some length L output sequence such that the corresponding final state
set has order less than J; a result which contradicts our hypothesis that J is
minimum over all such state sets. Suppose M is not INV #L. This implies

L+1 =al 3.2 cos e aL+1 andbL+1 =b1 b2 2000 bL+1

that there exists s, € S and a
such that a; # by and such that A(sg, al*1) = A(sg, DLy =¥ Py eees ¥p .

Since M is strongly connected, there exists some output sequence, Pk, for

some k =0 such that s €5¢ (85, gLl pk)_ However, #5¢ (g, Y1 Y2 **** YL >j



and #Sf (SO’ ),1 72 AR yL)> J implies that #Sf (Sj’ B L pk )’1 72 esoe 7L)>J.
But this is a contradiction of our earlier conclusion that #5¢ (s;, gL vy =J for
every y" and every n. Hence, we conclude that #8;¢ (sg, ¥; Vg veee Y1) =J.

Since

U Y () = Y

sy €5¢ (g, Y1 Vg eee ¥1)

and since 3 Y3 ++++ P41 € YL (8(s0, a7) WOIYT (8(sg, by) )}, it follows
that either #S¢ (§(sq, a1), Y2 Y3°*** YL+1) <J or #5¢ (§(8g, by), Yo Vg e+
?1+1) <J. Consequently, J is not the minimum order of such a final state

set and we conclude from the contradiction that if M is not INV #L, then

U YO (s) # YD

s € S¢ (sj, L)

and the theorem is proved.

The result of Theorem 2.3 means that, for the class of FSM's considered,
it is possible to choose arbitrarily an output sequence of any length and find a
state that allows the chosen output sequence in any final state set of the form,
S¢ (s, yL). Stated another way, it is possible to generate from any initial state
an arbitrarily selected output sequence of any length after a transient period of

at most L time units,

In this chapter we have defined notions of invertibility, of general delay L
inverses and of INV #L. machines. We have considered these definitions as
applied to the class of strongly connected FSM's with the same input and output
set orders. Several structural properties of INV #L machines of this class
were obtained and a necessary and sufficient condition for INV #L behavior was
proved. In the next chapter we will consider some concepts of invertibility
and some tests for inverse existence defined by previous investigators and

relate these to our work.
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CHAPTER Il
INFORMATION LOSSLESSNESS

Information losslessness and information losslessness of finite order
were first defined and studied by Huffmanl> 2, The latter property, as will be
shown, is quite similar to our INV #L condition as given in Chapter II. Fol-

lowing Huffman we may state

Definition 3.1: An FSM is information lossless (IL) if there exists no state sy

and no two distinct input sequences x® and un; n 21; such that both )\(si, xn) =

A(sj, u™) and §(si, x™) = §(sj, ut).

Definition 3,.2: An FSM is information lossless of finite order N (ILF of order

N if for every pair of length N+1 input sequences with different first letters

xN*1 and uN+1, there exists no state s; such that A(s;, xN+1) = A(sy, uN+1).

Machines which are ILF of order N satisfy the property that knowledge of
the initial state and first N+1 output letters guarantees the decipherment of the
first input letter. Machines which are INV #L according to our definition also

require L+1 output letters in order to guarantee this result. However, the
class of ILF of order N machines includes the N-1, N-2 -+°<<* and zeroeth

order classes whereas an INV #L machine is not INV #(L-k) for any k Z 1. The

p. a. Huffman, '"Information Conservation and Sequence Transducers, "

Proceedings Symposium on Information Networks, Polytechnic Institute of
Brooklyn, April 1954, pp. 291-307.

2D. A. Huffman, '"Canonical Forms for Information Lossless Finite State

Logical Machines, "' Transactions of the IRE Professional Group on Circuit
Theory, Vol. CT-6 Special Supplement, May 1959, pp. 41-59.
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relationship between the INV #L property of Chapter II and that of information

losslessness of finite order as in Definition 3.2 is thus that

Theorem 3.1: An FSM M is INV #L if and only if L is the least integer such

that M is ILF of order L.

Proof: If M is INV #L, then by Theorem 1. 3 and Definition 2.1 there can

exist no two input sequences of length L+1 which differ in the first letter and
which yield the same output sequence from any initial state. Hence M satis-
fies Definition 3.2 and is therefore ILF of order L. Conversely, if M is ILF
of order L, Theorem 1.3 is satisfied for every initial state and M has a

general delay L inverse. Since L is the least integer such that M has a gen-

eral delay L inverse, it follows that M is INV #L.

As indicated by Huffman the more general class of IL machines are not
invertible. It is interesting to note, however, that in the case of minimal, IL
FSM's, it is possible to determine for any n, the applied input sequence of
length n from knowledge of the initial state and length n output sequence by a
suitable terminal state identification experiment. As shown by Gill3 such
identification experiments always exist in the case of minimal machines.
Terminal state identification experiments consist of the application of an input
sequence which yields a known terminal state no matter which of the states of

S¢ (s4, an) that the FSM occupies after observation of the output sequence o

from initial state s;. The relevance of the term, "information losslessness',

3A. Gill, Introduction to the Theory of Finite State Machines. McGraw-
Hill, 1962, pp. 123-125, 149-153.
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is apparent. Input information can always be recovered in some sense. In
certain cases another interesting characterization of IL machines is possible

as we will see shortly (Theorem 3. 3).

First let us consider the inclusion properties of IL and ILF machines.

The following, rather obvious, theorem is due to Even?,

Theorem 3.2: If an FSM is ILF (and hence invertible), then it is also IL.

The converse of Theorem 3.2 is not true however, as is well known, This can

be shown by counter example. The machine of Figure 3.1 is such a counter

example,
X
S 0 1
Sl 82 S3
1 1
so| 51 83
1 0
8 s
83 2 1
0 0

FIGURE 3.1 - A BINARY, IL, BUT NOT ILF FSM

The fact that the machine of Figure 3.1 is IL but is not ILF is most easily

determined by a testing procedure which we shall now describe.

Several testing procedures for the determination of IL and ILF properties

are available in the literature, e.g., Huffmanz, Even® or Hennie5. A most

1s. Even, "On Information Lossless Automata of Finite Order", IEEE
Transactions on Electronic Computers, EC 14, August 1965, pp. 561-569.

°F. Hennie, Finite State Models for Logical Machines, John Wiley & Sons,
1968.
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efficient test is due to Even and incorporates in one simple procedure a test

for both IL and ILF conditions. Even's procedure can be summarized as

follows:

(1) Consider the possible paths on the state transition diagram which leave a
given state with common output labels. Construct an "invertibility test
graph" (ITG) by taking all such paths two at a time labelling successive
nodes on the ITG with the pairs of states at the same depth from the given
state. The state pairs labelling each node on the graph are called com-

patible pairs. More precisely,

Definition 3.3: Two states s; and s; are a compatible pair (sj, s;) if either:

(i) there exists a state sy and input letters x and u such that
§(sk, x) = sj, b(sk, w) = 8§
and A8k, X) = NSk, W
or (ii) there exists a compatible pair (s,, s;;) and input symbols x and u such
that 8(8p, X) = s4, 8(8m, W) =84

and )\(Sn, X) = A(Sm: u) °

(2) M is IL if and only if the ITG for M contains no cbmpatible pairs of the
form (sj, s;) for any s; € S.
(3) M is ILF of order N if and only if the ITG for M is loop free and the long-

est chain of compatible pairs (nodes)on the ITG has not more than N nodes.

To illustrate the application of this test, consider the machine of Figure 3.1

and corresponding ITG of Figure 3.2,
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FIGURE 3.2 - THE INVERTIBILITY TEST GRAPH FOR THE FSM
OF FIGURE 3.1
The complete ITG shown in Figure 3.2 has no pairs for the form (sj, sj).
Hence, the FSM of Figure 3.1 is IL. However, the ITG is not loop free since
both nodes (s, S3) and (sy, Sg) close onthemselves. Therefore, the FSM is

not ILF and hence is not invertible.

The number of compatible.pairs of states which appear on the ITG for any
FSM M may be found by consideration of all distinct pairs of states in the

final state sets for M. This conclusion results from the following lemma.

Lemma 3.1: For any FSM M, if s; and sj € S¢ (s, a®) for some Sk andan,
then (sj, sj) is a compatible pair on the ITG for M. Conversely if (sj, sj) is
a compatible pair on the ITG for M, then there exist s and & for some n

such that both s; and s; € S¢ (s, a”).
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Proof: The proof follows directly from Definitions 1.6 and 3. 3.

We now turn to the additional characterization of a certain class of
information lossless machines which was alluded to earlier. Our restriction
here will be to the same class of FSM's considered in Chapter II, viz, those

possessing strong connectedness and satisfying #X = #Y.

Theorem 3. 3:6 If M is a strongly connected FSM with #X = #Y, then M is

IL if and only if

J ") =Y"

s €S

for every n 20.

Proof: First we consider sufficiency. To prove sufficiency we will show that
if M is not IL, then there. exists some y? for some n 21 such that y® is not

allowed by any state. To accomplish this we make use of

Lemma 3.2: If a strongly connected FSM is not IL, then there exists an
integer n 21 such that for every s € S and for every m 2 n there exists

x™ # u™ such that §(s, x™) = §(s, u™) and A(s, xm) = A(s, u™).

Proof: The hypothesis that M is not IL implies the existence of sy and s; € S
and al # bl € X! for some i such that 8(sg, ai) = (s, bi) = s and A(sq, ai) =

Asq, bi). By the strong connectedness property there exists vl for some

6The result embodied in this theorem has been previously shown within the
framework of Graph Theory. See: L. R Welch, "Labelled Oriented Graphs
which are Onto", N,S,A, Technical Journal, October 1966, pp. 43-49.



j <N-1 (where N = #S) for every s € S such that §(s, vj) =8g. Let X0 =yl ol

and let u? = v bl, Clearly n S N-1+iand §(s, x") = 8(s, u™ and A(s, x") =.

A(s, uP). Since the final state is the same for both x™ and u® it follows that
H

m _ ok k

X and u™ =v" w , Where wE is any input sequence whatever, satis-

fies the assertion of the lemma,

Consider the length k output sequence - final state pair for state s set, Fk (s),
given as in Definition 1. 7;
FK (s) = { (yk, sik): There exists xK such that 8(s, xk) = 8k

and A(s, xk) = yk } .

By Lemma 3.2 it follows that for every s € S there exists some n such that

for every m 2 n we have #F™ (s) S.qm - 1 (where q = #X = #Y). This follows
since each pair (ym, Sm) in FM (s) must result from a distinct input sequence
of length m and at least two of the possible g™ input sequences yield the same

pair.

It can be easily verified that for every k, j_>_ 1 and for every s € S
Fk*i (s) = { (yk yj, sg): there exists s) such that (yk, S) eFk (s) and
o, sp €F 5 |.

Making use of this representation for Fkt (s) it is possible to state

Lemma 3.3: #F<1 (g) S #F" (g) - MAX #7) (s)).

Proof: The proof of the lemma follows from the fact that
#7k @) S # | [65, s, 0, 8] 6K 0 €FF (o)

and (), s) €F (sp) } :
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Inequality is possible in the above expression since more than one state 8y
may be associated with a fixed choice of yk, yJ and s;, Clearly if we choose
sy such that #FI (sy) is maximum, then #Fk* (s) S#Fk (s) » #Fj (s)) and the

lemma is proved.

Applying the result of Lemma 3. 3 for j = m and recalling that #F (5 <q™-1
we have for the machine M
#Fk gy < 4rk (5) ¢ (@ - 1)
for every k and for every s € S. As a consequence it follows that for any t 21
#Ftm () < (@ - 1t

which further implies that

Y #Fm (SN @ -1t
S €S
Suppose, on the other hand, that for any choice of y? for any n there exists

some state in S which allows y®. This is equivalent to

U Y=Yy,

S €S

For n =tm we have that

U yim (s) = ytm

s €S

Hence, it must be that

D #ytm (g) 2 gtm
s €S

But it is always true that
#YR () S HFR (s) .
Therefore, we have

D #Fm (g 24 .
S€S
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By combination of the upper and lower bounds on the summation Z #Ftm (s),
S5€S
it follows that

M N @ -1
and hence that

N 2@™/@™ - 1))
for évery t. The result is clearly not possible since the right hand side is
unbounded as t increases without limit and N must be finite. Therefore, we
conclude that if M is not IL, then there exists some n and some output sequence
y? such that y" is not allowed by any state. Hence, sufficiency of the condition

of the theorem for the IL property is shown.

To show necessity we assume that there exists some n and some a” eY"
such that & is not allowed by any state and show that M is not IL. Suppose
M is IL. It follows from Definition 3.1 that (75, s;) €FKD (s) implies the
applied input sequence xK0 for every s € S. Hence, it must be that #]5‘1‘m (s)
2k, But if @ is not allowed by any state it follows that #Y? )L -1
and further that sykn (s) < @ - 1‘)k for every k 21. In addition, for N = #8
we have that #FKD (s) SN - #ykn (s) SN (@ - l)k. Combining the upper
and lower bounds on #FKR (s) the result is

N . (q° - l)k an
which yields

N 2(q%/(@@® - 1)K
for every k. Since N must be finite this result is not possible as was con-
cluded also in the proof of sufficiency. Hence, the assumption that a” is not

allowed by any state implies that M is not IL and necessity is shown.



The condition of Theorem 3. 3 for the IL property may be compared with
the similar result of Theorem 2. 3 for invertibility or the INV #L property.
The same class of FSM's is considered in each case, viz, strongly connected
machines with the same input ahd output set orders. Both in\;ertibility and
information-losslessness imply that one can arbitrarily choose an output
sequence of any length and find a state which allows that sequence. Inverti-
bility, being a stronger property, however, requires that such a state be
reachable in at most L time units where L is the inverse delay. Hence, for
INV #L machines, any desired response can be obtained after a transient

period of length L.

Consideration of the IL property for general FSM's leads naturally to
questions concerning bounds. In particular, we may inquire as to the maxi-
mum integer n such that there exists no state s or input sequences xI # ul!
sétisfying 8(s, xn) = §(s, un) and \(s, xn) = As, un) on a non-IL machine.
We are able to derive an upper bound on this integer for the general class of

FSM's. The bound is given by

Theorem 3.4: If an FSM M is not IL, then there exists s, and a” # b" such

that A(sg, an) = A(so, b™) and 8(sp, ay = d(sq, bn) for some nf_(g) +1

where N = #8.

Proof: Let M be any non-IL FSM, Suppose the least integer n such that there
exist s, a® and b" satisfying the assertion of the theorem is greater than

(;\I) +1. Leta®=ajag+**s ajandb®=b; by ecee b,. Since there are only



(1;) possible distinct pairs of distinct states it follows that for some i, j;
i< S.(I;I) ; we have either
8(sg, a7 @g eoee 85) = §(8g, 8y 8y e aj) and
§(sg, by bg oo+ bj) = §(sg, by by «+. by)
or
§(sg, a7 ag <+* a;) = §(sg, by by ¢+ bj) and
3(sg, by by e« b;) = §(sg, a3 ag *°* a;) -
In either case it is clear, since §(s, al)= 3(sy, b") and Al8¢, a®) = A(s, b™),
that there exist input sequences of length n-j, say cJ and dn'j, such that
3(s0, 81 2g +++ 2j ™) = §(sg, by by 44+ by &™)
and
Asg, 81 8 °°° 2 o™y = Msg, by by +++ by &™)
But i < j. Hence,' i +n-j < n and n is not the least integer such that the asger-
tion of the theorem is true. Consequently, it follows that the minimum such

integer is less than (;T) +1.

Theorem 3.3 implies that there exists some maximum integer n such that
for every y" one can find s and x" satisfying A(s, x) =y® on a non-IL,
strongly connected FSM with N states and #X = #Y =q. We are not able to
give a satisfactory bound on this integer n. A very loose upper bound on n

which follows from Lemma 3.2 and Theorem 3.4 and which is given in terms
of N and q has been obtained. The bound grows rapidly with N hbwever, and
is not considered of sufficient consequence to present here. We remark that,
in the case of binary rhachines, a tight bound on n appears to be given by
n<2 (N-1). We have not been able to prove this conjectured bound for the

binary case, however,
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We present in this Chapter one more result which is closely associated

with the work of Hennie5

. Hennie defines a test for the ILF property which,
in terms of our parameters, consists basically of a test on the order of the
intersection of initial state sets and final state sets. A slight extension and

simplification of Hennie's procedure is presented in the following result.

Theorem 2.6: An IL finite state machine M is INV #L if and only if L is the

least integer such that

L

#{8¢ (s, 0) M S1 (B | < 2
£ L eyl
or every s; €S, a € Y (sj) and B~ €Y .
Proof: First consider the sufficiency of the condition given in the theorem.
Suppose that

#{st (51, ) 51 (B | < 2
for every sj€ S, aa €Y (si) and B L ¢ vk for some least integer L. Two pos-

sibilities exist. Either
#{ 8¢ (s, ) 85 (B | = 0
#{s; (51, 0) N8 (B =1
Since M is IL, by Definition 3.1 there exist no two input letters, x # u for any

si € S such that

Alsi, X) = Alsg, W)

and
S(Si: X) = 8(si: u) .

Therefore, for any s; there exists at most one input letter, x, such that

A(si: X) =0
and L
8(sj, X) €S; (B)

for any €Y (s;) and L eYL |
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By Definition 3.2 M is ILF of order L. and by Theorem 3.1 M is INV #L.
Consider the necessity of the condition given in the theorem. Suppose there
exists no L such that

#{5¢ (s, ) N8 (BT | < 2
for every s;, o and BL. It follows that for every L there exists some s; and
two input letters x # u such that

ABj, X) = A(sg, wy =@,

8(sj, X) esi-(BL) and §(sj, u) € §; (BL)

for some al€Y and Bl € YL. Clearly then

Asi, x al) = AGsi, ubl) =aBL

L L L

for some a~ and b €X". By Definition 3.2 M is not ILF of order L and

by Theorem 3.1 M is not INV #L.

An application of the result of Theorem 3.5 to test for ILF properties and
consequently for invertibility differs from the test of Hennie in that in our test
it is necessary to consider final state sets, S; (s;, &) for sequences, @, of
length only one. The formulation of the forward test table of Hennie's work re-
quires that the table be extended to include all possible distinct sets Sg (s;, an)
for all s; and an, n=123¢+°** . It is noted, in conclusion, that before the
result of Theorem 3.5 can be applied to investigate ILF properties it is neces-
.sary first to test for the IL condition. There exist machines for which

#{sg s, )NS5 (BL) [ <2
for every s € 5, €Y (s) and BL € YL but are not INV #L if the IL condition is
not satisfied. The machine of Figure 3.3 is an example which illustrates such

behavior for L =1.
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FIGURE 3.3 ~ A NON-IL FINITE STATE MACHINE

In this Chapter we have considered the concepts of information losslessness
and of information losslessness of finite order. These concepts were related to
our definitions of invertibility. A necessary and sufficient condition for a cer-
tain class of FSM's to be I1. was presented and some bounds associated with the
IL property were considered. In the next Chapter we will investigate the appli-
cation of a particular state reductiqn procedure and its implications on FSM

invertibility.
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CHAPTER IV
ON THE STATE REDUCTION OF INVERTIBLE MACHINES

Two states, say s; and s;, are said to be n - equivalent if and only if

Alsi, x1) = A(sj, x) for every x®. Two states are equivalent if and only if
they are n - equivalent for every n=20. A finite state machine is said to be
minimal if and only if there exist no two equivalent states in the state set.
These are the usual concepts of state equivalence and minimal machines which
have been treated extensively in the literature. In the study of information
lossless and invertible machines some variations on these definitions of equiv-
alence and minimality are possible and useful. These variations may permit
state reduction of machines which are minimal in the usual sense at the outset,
The resultant state reduced machine can be shown to be invertible if the orig-

inal machine was invertible,

An extension of the state reduction procedure which preserves invertibility
and in certain cases information losslessness is possible, in general, because
of the independence between these characteristics and input sequences. In other
words, the IL or INV #L characteristics of an FSM depend only on the output
sequences which are possible from each state and not, in an'essential way, on
the input sequences which produce them. To formalize this assertion we state

the following.

Lemma 4.1: An FSM M remains IL (INV #L) or remains not IL (INV #L) under
any interchange of both next state and output entries between two designated

columns in any row of the state transition table (see Figure 1.1 (b) ) for M.
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Proof: Consider the invertibility test graph or ITG (see Figure 3.2) for any

machine, M. The chains of compatible state pairs on the ITG are determined
entirely by the output labels and next state assignments contained in each row
of the state transition table for M. The ITG does not depend on the input
symbol for which the output label and next state are defined. It follows that
the ITG's for any two N-state machines which have the same possible next
state and output label entries in each row of their state transition tables are
identical under any ordering of these entries. Since the machines yield the

same ITG they possess the same IL and INV #L properties.

Because of this exclusive dependence on output labels it may be suspected that
the usual definition of state equivalence is too restrictive if only inverse prop-
erties are to be retained in the state reduction of machines. If the state be-
havior and output response for particular input sequences are not of interest,
then state "equivalence' may be based only on possible output sequences with-

out regard for the input sequences which produced them.

The definition of state equivalence which seems to be of greatest useful-

ness in this respect is the following.

Definition 4.1: Two states, s; and 8j, are n - output equivalent, written

si Op 83, if Y? (s5) = Y" (s;)-

Thus two states are n - output equivalent if they allow precisely the same set

of output sequences of length n.
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Definition 4.2: Two states s; and s; are output equivalent, written 8y O, 8;,

if s; Oy 8§ for every integer n 20.

For example, in the two state, binary machine given in Figure 4.1 states 84

and s are output equivalent since Y? (sl) =yn (sz) for every n.

0/0 /1 1/0

FIGURE 4.1 - A BINARY FSM WITH TWO OUTPUT EQUIVALENT STATES

From the definition of output minimal states we may characterize the cor-

responding minimal FSM by

Definition 4. 3: An FSM is said to be output minimal if there exist no s; and

sj €8 such that s; Oy 8-

Clearly every output minimal machine is also minimal in the usual sense. It
is obvious that the relation O, is an equivalence relation on the state set S
for every n. Consequently, O, induces a partition of S. Every s; and 8;
satisfying s; O, sj are contained in the same equivalence class of 7, the

partition induced by Oy,.

Many of the properties of state equivalence and partitions induced by the
usual state equivalence relation carry over to the corresponding output equiv-

alence and output equivalence induced partitions. For example, the uniqueness
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of the partition m, may be shown as for the partition induced by normal state
n - equivalence. However, one important property is lost in the extension.

It is not, in general, true tﬁat it w,, = 7,49 for some n, thenm ., = m 4 for
every k 21. This property holds far partitions induced by the usual state

n - equivalence relation and is a key element in the proof that two states which
are (N-1) - equivalent, where N = #S are n - equivalent for every n or are
simply equivalent. The example machine of Figure 4.2 shows a five state

binary machine for which ™ = m, but 7T2 # g # My = T

S\X 0 1

51 s3

: ? = L M= { (s1, s2) (s3) (s4, ss5) }

sg] S1 ; | s9 1 2T { €1, #2) €9) (s 29 }
ﬁ = 0 | my= { (51) (s2) (83) (84, s5) |

o Pt 0 | my={(s1) (s2) (s3) (s4) (s5)

State Transition Table

FIGURE 4.2 — A BINARY FSM AND CORRESPONDING OUTPUT
EQUIVALENCE PARTITIONS

We note that Ty = ﬂ(N_l) =T for the machine of Figure 4.2 even though

M, =My #my. This (i.e., TN_1 = Ty) appears to be a property of state
output equivalence partitions as in the case of partitions induced by normal
state equivalence. The proof has eluded us thus far, however. Actually, we
have not been able to show any bound on the length of the test for output equiv-

alence for arbitrary finite state machines.



In the special case for which a machine is INV #L, is strongly connected
and has #X = #Y it is possible to show that the test for state output equivalence
has finite length. In this case a bound on the maximum index i such that

m# T is a consequence of the following theorem.

Theorem 4.1: If M is an INV #L, strongly connected FSM and #X = #Y, then

"LGm .

L be any length L output sequence in

Proof: Suppose s; Oy, 85 Let o
YL (sy) = yL (sj). By Theorem 2.3, given any y* € Y® for any n, it is pos~
sible to find states in S¢ (s, aL) and S¢ (sj, aL) respectively which allow the
sequence y*. Hence, for any n 20, yL+n (sp) = {GL v . al ey (s;) and

yh e Yo } =yl (Sj)' By definition it foilows that s; Oy 4y 8j. Since n is

arbitrary we have sj O, 8§ and consequently 71, = Ty, .

It can be shown (see Chapter VIII) that, for any invertible FSM, the inverse delay
L is at most N(N-1)/2. It follows immediately that, for the class of machines

considered, ™EN-1)/2 = Moo -

It has been shown that 7r; is the final partition for an INV #L, strongly
connected FSM for which #X = #Y. We note, however, that the minimum n for
which 71 = 71 does not, in general, define the inverse delay of an invertible
machine. The binary, strongly connected, INV #4 machine of Figure 4.3

illustrates this point.
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FIGURE 4.3 - AN INV # FSM WITH T =Ty,

By application of any of the tests for invertibility described in Chapter II
it is possible to show that the machine of Figure 4.3 is INV #4. We observe,
however that g = 7,. By Theorem 4.1 we know that 7, is the final partition
and no further refinements are possible. It is seen that the final partition
contains two output equivalent states, 81 and 8g. These states are not equiv-
alent in the usual sense, however. Cansequently, the machine of Figure 4.3
is minimal in the usual sense and no state reduction by deletion of equivalent
states is possible. It is natural, nevertheless, to investigate the properties
of machines which result from state reduction of output equivalent states. As
will be shown these resultant state reduced or output minimal machines are of

particular interest when the original machine is invertible or information

lossless.

m3= | (s1, 53) (52) (s4) (85) (s6) (67) (s3) (89)}
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To begin our investigation of the correspondence between the invertibility
of a machine M and of its output minimal version(s) we first formally define

an output minimal representation of M. To do this we make use of the follow-

ing notation, Let [s:l be the block of T containing s. In addition let

{sjl: 52, **** Sjm } be any representative states, one from each of the m

distinct blocks of 7 for a machine M =<S, X, Y, 8,A > .

Definition 4.4: An output minimal representation (OMR) of an FSM M is given
= o 0 4,0
by MO (Sjl’ sz, XY S]m) = <S , X, Y, 8 ’ A >

where

s0={ [s;] si=1 2, ++o* m}

30 ( [Sji] , X) = I:a(sji, xﬂ

2 ( [Sji] » X) = Alsyj, %) .
It is easily seen that an output minimal representation of a given machine need
not be unique. In general, if #my, <N there may be many non-isomorphic out-
put minimal versions of the same machine. Every output minimal representa-

tion of a given machine has the same number (i.e. #"oo = m) of states, however.

From the definition of an output minimal representation of a machine it is
possible to show a somewhat evident but nonetheless important property of such

state reduced machines. This property is given as

. o eo 0 3 :
Lemma 4.2: If M (sjl, sj2’ sjm) is an OMR of an FSM M and if
S € [SJI___] for some index i, then Y" (s)) = YR ¢ [:Sji] ) for every n. Y2 ( [sji )
is taken to mean the set of output sequences of length n allowed by state

[5i] € s°.



Proof: From the definition of output equivalent states it follows that Y2 (8) =
Yn (sji) for s € E;ji_] . Hence, it is only necessary to show that YR (s51) =
Y® ( [sji:] ). Suppose that t is the least integer such that vt (sji) # Yt ( [sji )
for any [:Sji] € s°. Clearly t >1 since by Definition 4.4, A° ( l:sji] , X) =
)\(Sji’ x) for every x € X. In addition, by our assumption that n is minimum
we have Y& 8(s55, X)) =vt~1 (50 ¢ [sﬁ] , X)) since §° ( E‘ﬁ] . x) =
[5(sji, x)] . But this implies that Y* (s;;) = Y* ( Ee,ji ), contrary to our
assumption. Hence, for every sy € I:Sll:l and for every n we conclude that

Y2 (s = Y7 ( [351])-

It is possible to show that many of the properties of finite state machines are
preserved in their output minimal representations. In particular, in the case

of invertible machines we can show the following relation.

Theorem 4.2: Let M be any FSM and let M° (s;;, 85 **** ;) be any OMR

?
of M, then M (7, S;9, *** ;) is INV #L for some L'S L if M is INV #L.
Further, if M is INV #L, then there exists at least one OMR of M such that

M® (s.q, S.5, *°°° Sjm) 18 INV #L.

LD L P

Proof: Let M be an INV #L machine and let M° (Sjl’ Bigs *°°"" Sjm) be any

] 1
OMR of M. Suppose M° (sjl, Sj2) *°°* Sjm) is not INV #L for any L < L. It

follows that there exists E’ji € S° and input sequences altl = ajag e

‘aL+1 and bL+1 = b]. b2 co000 bL+1 With al # bl such that Ao ( [sji] ’ aL+1) =

20 ( BJ , bL*ly By Definition 4.4 Asj5, 27) = AlS;;, by) and also

8 ([34] » 2= [y 2)] and 8° ([o51], by = [ty Br)] -



Consequently, both (s 2,) and 4(s bl) allow a common output sequence

ji> ji)
of length L. It follows that M is not INV #L, contrary to our hypothesis.

! 1
Hence, if M is INV #L then any OMR of M is INV #L for some L. < L.

It remains to show that at least one OMR of M is INV#L. If M is
INV #L there exists sy € S and input sequences el = Cq Cg *°°* Cp, and dL =
dy dy **+* dy with c; #d, such that A(s,, e&) = A(sy, db. Define
m° (sjl’ Sigy °°°° sjm) such that 831 = Sk for some i. By definition 4. 4 it
follows that A° ( [i] » 0 = 2° ( l_.le] , d,) and in addition that §° ( [sji] ,
°1) = [5(sk, cl)] and 50( [Sji:] s dl) = [5(sk, dl):l . Consequently, both
8° ( Eji] s €) and §° ( [sp] , dl) allow a common output sequence of length

0 eo e i ' '
L-1. Hence, M (sji’ s Sjm) is not INV #L for L < L. Clearly,

j2’
from the initial result of the theorem, m° (Sjl’ Sjor *** 8jm) 1s INV #L and the

proof of the theorem is completed.

To show the existence of an invertible machine which has more than one
output minimal representation with dissimilar inverse delays, consider the
machine of Figure 4.3. Two possible state reduced or output minimal ver-
sions of this machine corresponding to the two choices of representatives 84
from the class (s1, s3) are possible. The two output minimal representations

are shown in Figure 4.4.

It may be shown that M° (s3, 89, 84, 85, Sg, Sy, Sg, Sg) is INV #4 and hence
retains the inverse delay of the original machine. Machine M® (81, 89, 84,

S5, Sg, Sq, Sg, Sg), on the other hand is INV #2 and, in addition, is not
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o o
M" (84, Sy, 84, S5, 85, Sq, Sg, Sg) M" (83, 8y, 84, 85, 8¢, 84, Sg, 8g)

FIGURE 4.4 - TWO OUTPUT MINIMAL REPRESENTATIONS OF THE
FSM OF FIGURE 4.3

strongly connected unlike the original machine and the alternate output minimal

representation. States [52] , ':86]’ [s.il and l__ssﬂ of M° (sq, sa, sS4, S5,
sg, S7, Sg, Sg) are transient states while the remaining states form a strongly

connected INV #2 submachine.

Although it is not possible to show that the IL property is preserved by
state reduction of output equivalent states for the general class of finite state

1 _
machines™, it is possible to show that IL behavior is preserved for an impor-

tant class of machines, i.e., strongly connected machines. To aid in the

H

proof of this result we will use the following lemma.

1It should be noted also that, for general FSM's, IL behavior may be lost
by state reduction of states which are equivalent in the usual sense.

48



49

Lemma 4.3: Let M be an IL, strongly connected FSM and let n be any posi-
~ tive integer. Then, for any s; € S and a” ey" (sp), there can exist no two

output equivalent states in Sf (s;, o n).

Proof: Suppose for some FSM M there exists 85 and sy € 5; (s;, an) for some

s; and aey" (s;) such that 8 Oy 8- Suppose further that M is strongly

connected. Let x* be any input sequence such that 3(sj, xt) = 8; and let

t

A(sj, xt) = B°. Clearly s; € 8; ((¢:¢n Bt)m) for every m. Suppose #5¢ (s;,

@" B t)m) < #8¢ (s;, (c” Bt)m_l) for some m. This implies that (Bt an)m is

allowed by s; but not by s, and consequently that s; ¢ [Sk] which is a contra-

diction. Hence #5; (s;, (@ 8%)™) >#8; (s;, (@” 8Y™ 7)) for everym. 1t

t
follows that for some m', #Sf (si, _(an Bt)m ) = N = #8S and for m'+1 we must

n tm'+1 tm'+1

1
have #x™ @ 1) (5. (" 8™ 1) S5, 5, (0" BY™ ™). Hence, M is not IL

and the lemma follows.
With the aid of Lemma 4. 3 we may state the following.

Theorem 4.3: If M is a strongly connected and IL FSM, then every OMR of

M is also IL.

Proof: Let M° (Sjl’ Sj9, °*° Sjm) be an OMR of a strongly connected, IL

machine M. Suppose M° (851, By2 °°°° Sim) 18 pot IL. It follows that there

exist E’ji € s° and input sequences x = X Xg °¢° x, and uf = uy Ug *eoe Uy
o o o

with x; # uy such that A~ ( [SjiJ ,xM = A ( I:sji] ,u) =™ and § ( Es]ﬂ , X%

o)
=& Eji] , un). But this implies that Sf (s an) contains two output equiv-

i
alent states and by Lemma 4.3 M is not IL. Hence, if M is IL, then every

OMR of M is also IL.



To show that the strongly connected restriction of Theorem 4.3 is necessary
we give an example of an IL machine which is not strongly connected and which
has an output minimal representation that is not IL. The machine of Figure

4.5 (a) is such an example.

s& 0 1
1[5

(@) (b)
Machine M Machine M° (sq, s5)

/4]
Do
0
N
>\
n
A AN
[y
-t - )
m~m
(]
oy
L

FIGURE 4.5 - ANIL, NON-STRONGLY CONNECTED FSM M AND A
NON-IL OUTPUT MINIMAL REPRESENTATION OF M

It is possible to show several other structure preserving properties of
output minimal representations of certain qlasses of invertible machines. In
the case of strongly connected machines whose input and output sets have the
same order, it can be shown that the order of final state sets is preserved for
output sequences of all lengths. To prove this assertion we make use of the

following lemma.

Lemma 4.4: If M is an INV #L, strongly connected FSM and #X = #Y = q,

J
n n__n
#S¢ (Sj, o ) for every nand for every & €Y .

then for every s; and s; €S such that s; € Esj] we have #S¢ (Si,' a?) =

Proof: For n 2L we have #S¢ (si, an) = #8¢, (sj, an) by Theorem 2.1. Sup-

pose n < L. Define the set of output sequences

Y™ (8 (5, ™) = { ) . Y™ (sk)}.
8k €5¢ (sj, &)
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Ifs; € [sj] , it follows from Lemma 4.2 that Y™ (S¢ (s4, an)) = Y™ (S¢ (sj, an))
for every m. Let m = L-n. Since #5; (s;, a® ,,L—n) = #5¢ (sj a 7L-n) for

every output sequence 7L—n, it is clear that

Z 4xL-n (g, yLony - Z axL-n (8p0 ylny
n
8q €5¢ (s, ™) 8p € S¢ (8j, a’

In addition, we may write

E*YL"‘(Sf (si,an))] ’ l: Z xL-n (sq) ‘)'L-nﬂ =qM ™. E’Sf (si’an)]

Sq € Sf (si,an)
and
EYL-n (S¢ (55, an)ﬂ . l: Z axL-n (5p» ),L-n):l - qL-n . I:#Sf (55, anﬂ .
Sp € 5 (sj,a™)

Hence, #S¢ (s;, an) = #8¢ (sj, an) for every n and the lemma is proved.
With the aid of Lemma 4.4 it is possible to assert the following.

Theorem 4.4: If M is a strongly connected, INV #L FSM with #X = #Y and

M° (sjl, Sjg ** sjm) is an OMR of M, then for every n, for every 85 and for

every sp € [SjiJ , #5¢ (8p, a®’) = #S¢ ( [sjﬂ , o).

Proof: As a result of Lemma 4.4 it is only necessary to show that #S; (sji,an).

= #8¢ ( l:sji , @a). Since by Definition 4.4, Ao( Eji:l , X) = A(Sji: X) and since
M° (Sjl’ 8ig, **°° sjm) is invertible by Theorem 4.2, we have #X ( [sjﬂ , )=
#X (85, @) = #5¢ ( [sjﬂ , @) = #5¢ (841, 0 ) for every @€Y (s;;). Hence, the

theorem holds for n =1. Supposet >1 is the least integer such that for any

[sji € S°, #S¢ ( [Sji] , 3t) # #5¢ (sji, Bt). But we may write



i (] gh= 2o #5¢(8° ( [531] > %0), B B +++ By

(s XiiX(E‘J’i],ﬂﬂ‘Sf [ 0 #2 85 t
and

#5¢ (855, B = 2. #S (sl X)), Bz Byeree By

xj € X (sji, B71)
where Bt = Bl By et B{- Byour hypothesis that t is minimum we have
#5¢ (8 ( Ejﬂ » Xi), Bg Bge* By) = #5¢ (8(s5, Xj), B2 By By). Since
X ( [le] B1) =X (sj3, B1), it follows that #5¢ ( [sji , BY) = #5¢ (855, 8Y);

contrary to our assumption. Hence, by contradiction, the theorem is proved.

From Theorem 4.4 it follows that the state reduced machine has the same
maximum final state set order as the original machine if the original mgchine
satisfies the condition of the theorem. Since a strongly connected, INV #L
machine for which #X = #Y = q, for q a prime, satisfies L >j, where o) is the
maximum final state set order, it is clear in this case that L', the inverse

delay of the state reduced OMR, is bounded by
iSu'S L.

Another relation of some interest concerning the properties of certain

invertible machines and their output minimal representations can be given as

Theorem 4.5: Let M° (sjl, Sjgr °°° Sjm) be an output minimal representation
of a strongly connected, INV #L FSM M with #X = #Y. If m° (sjl, Sjgr *°* sjm)

is INV #L' for L < L, then MO (s §1> 825 * =+ Bjm) 18 not strongly connected.

Proof: By Theorem 4.2 we know that every OMR of an INV #L machine M is

INV #L' for some L'S_ L. Suppose M is strongly connected and #X = #Y. Let
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o
M (Sjl’

L' < L It follows that for every [Sji_-] and every an ey ( [sji ) where

sz see Sjm) be a strongly connected OMR of M with inverse delay

n 2L’ that #5¢ ( [Sji , a®) = J for some J as a result of Theorem 2.1. But
by Theorem 4.4 #Sf (sk, an) = #S¢ ( I:Sji] ) an) for every sy, € Ejﬂ . Hence,
#S¢ (sji, an) =J for every n 2L, However, since M is INV #L, there existg
some s € S and al' = aj a9 **°°° ag, andbL=b1 bg ¢+ by, with a; # by such
that A(sy, al) = A(sy, b1)= BT = B; By ++++ B,. But this implies that
#S¢ (8(s, 21), Bg Bz **** B1)<J and #5;(8(sy, by), By Bz ** B1) <J.
Since L-1 ZL' and since §(si, aq) and §(si, by) each belong to some equiv-

alence class of o

o> We have a contradiction of Theorem 4.4. Consequently,

if L'< L, then m° (sjl, Sjgs ***°* 8m) is not strongly connected.

In this chapter we have introduced a procedure for state reduction which is
of particular interest when applied to invertible machines. It is seen that out-
put minimal representations presei've the invertibility and in certain cases the
information losslessness of the original machine. Consequently, in some
applications, as possibly in the design of encoders and decoders for discrete
information channels (where it is not important which input sequence produces
a particular output sequence), the described state reduction procedure may be
usefully applied. The resultant machine or output minimal representation will
yield the same possible output sequences as the original machine and will be
invertible if the original machine is invertible. Furthermore, there exists a
particular state correspondence such that the resultant reduced machine has

the same inverse delay as the original machine. State reduction based on the



concept of output equivalence with the results described is possible because IL
and INV #L properties of a finite state machine depend only on state and output
sequences and not, in an essential way, on the input sequences which produced

them.
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CHAPTER V

FINITE INPUT MEMORY MACHINES

In this chapter we will consider the invertibility and information lossless-

ness of finite input memory machines.

Definition 5.1: An FSM M has finite input memory g(FIM (u)) if (u) is the

least integer such that the output at time t can be expressed in the form

y @) =f&({t), x ({t-1), <o x (t-4))

fort 2 M. If no such u exists, M is said to have infinite input memory.

The concept of memory can be generalized to both input/output memory as
well as to output memory alone. The memory characteristics of finite state
machines have been studied extensively by several investigators (see Vairavanl

and the bibliography presented therein).

For our purposes we will consider only non-degenerate, FIM (#4) machines.

The following definition is due to Vairavan.

Definition 5.2: An FSM M = <S, X, Y6 ,A>’ is non-degenerate if the mapping,

6: SxX —> 8, is onto.

In canonical realization form, non-degenerate FIM (u) machines are com-

posed of a shift register and combinatorial logic as shown in Figure 5.1.

k. Vairavan, '"On the Memory of Finite State Machines', Technical Re-
port No. EE-683, University of Notre Dame, Department of Electrical Eng.,
April 7, 1968. :
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x (t-1)
x (t-2) D x (t-u)
X (t) COMBINATORIAL LOGIC v (t)
L—i- s

£ (x (), X (t-1), X (t=2), ****° (x t-4))

FIGURE 5.1 - CANONICAL REALIZATION OF A NON-DEGENERATE,
FIM (u) FINITE STATE MACHINE

The realization of Figure 5.1 is one in which any non-degenerate, FIM (u)

machine may be synthesized. Vairavan has shown that all non-degenerate,
FIM (u#) machines have a unique output function f and that any two such
machines which are non-degenerate and have the same output function are
equivalent. Since our restriction to non-degenerate machines excludes only
those machines which have transient states we lose little generality in limiting
our attention to FIM () machines which may be synthesized in the form of
Figure 5.1. In the work which follows we will consider only FIM (u) machines

which are in the canonical form of Figure 5.1.

We observe that X” , the set of all input sequences of length i, is an
appropriate choice for the state set of machines in the canonical form of
Figure 5.1. Hence, if #X = q, every such machine has precisely q” states.
Further, it has been shown by Vairavan that q‘u is an upper bound on the order
of the state set for non-degenerate, minimal, FIM (M) machines. It is also
clear that in canonical form, non-degenerate, FIM (4) machines are com-
pletely defined by the function'f which yields the present output. The next
state is defined by the present input and the preceding 4 - 1 input letters, It

follows that all such machines are strongly connected.
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We begin our investigation of the invertibility of non-degenerate, FIM ( i)

machines with the following result concerning the order of the initial state sets

for output sequences of length L or longer.

Theorem 5.1: If M is a non-degenerate, FIM (u), INV #L FSM with #X =

#Y = q and g# states, then there exists some K such that #S; ™) =K for every

y? with n 2> L.

Proof: Let m be the least integer such that m u 2 L. By Theorem 2. 2,
#yMH 55y = ¢ H/J for some J and for every s; € S. Moreover, since M is
INV #L, it is clear that for every n pd L and for every y" € Yn, there exists
one and only one state S5 € S¢ (si, am”) for every s; € S anda H ¢ Y H (sy)
such that s; € S; (™). But from any initial state each of the qH# states in the
state set S occurs precisely q(m‘l‘)” times as a final state for input sequences
of length mpt . Hence, it follows that #5; (y%) = #Y™H (s;) / glm-DH _ 5.

Consequently, if K =q Ky , the assertion of the theorem is proved.

We remark that the assertion of Theorem 5.1 is not true in general for

invertible FSM's but results from the particular state transition structure of

the class of machines considered as well as from the INV #L condition. As a
consequence of Theorem 5.1 we may show an additional property of such

machines,

Theorem 5.2: If M is a non-degenerate, FIM (u), INV #L FSM with #X =

#Y =q and g# states, then

Z #X1 (55, y?) =g
si € S

for every n ?_ 1 and for every yn € YR,
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Proof: Forn 2 L the assertion of the theorem follows immediately. In this
case we have #X® (s;, a®) = #X" (s;, 8™ =J for every s; and for every &
and B" € Y (sj) by Theorem 2.1. In addition, by Theorem 5.1, we have

#8; (a™ = -#Si ( ﬁn) =qHJ, Hence, for any yn € Y? with n 2 L it follows that

D, #xXD (g, yY =qH
Si €S

Consider the case for which n < L. Suppose for some a” with n < L we have

2, #XP s, a >q¥
S{ €8

Since #X = #Y = q, it follows that there exists 8 " such that

> &, BN <o
S;j € S

and consequently such that

D, #, ah > D #xD (s B -
sies Si‘S

This means that over the state set S more length n input sequences are mapped
into the output sequence @™ than into the sequence 8. But, if we consider the
pairs of distinct initial states and length mn input sequences (s;, x™1y for any
m 2 1, we note that since M is a non-degenerate, FIM (u) FSM with q”
states, each state in S satisfies G(Sj, an) precisely qmn times for distinct

mn) R

pairs (sj, X Hence, there exist precisely o™ distinet pairs which may

be associated with each state in the state set. It follows that the number of

m+1)n

distinct pairs (sj, x( ) which correspond to length (m+1)n output sequences

whose last n digits define the sequences a@™ and 8™ are

qmn Z #X1 (s;, @”) and ¢ 2 #xX" (s, B Y
8; € S Si €S
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respectively. But if

Z #X0 (s, @) > Z #X2 (s5, BT
si €S sy €5

it is always possible to find some length mn output sequence, say ymn with

H

mn 2_ L such that

2 xR ymhghy 5 B0 xR gy g,
8y € S 5; € S

Consequently, we have a contradiction of our initial result for n _>_ L and we

conclude that the theorem holds for every n 2 1.

Theorem 5.2 has an interesting corollary in the case of binary machines.

In this case it follows that

Corollary 5.2.1: If M is a binary, non-degenerate, FIM (u), INV #L FSM

with output function

y ) =f x @), x (t-1), e x (t-H)) ,
then there are precisely 2M terms in the canonical sum of products expansion
of £,
Proof: By Theorem 5.2 it follows that »_ #X (s;, 0)= D #X (s, 1) =2H.
5 € S B; € S
But this is entirely equivalent to the assertion of the corollary since each
choice of x (t), x (t-1), *+*** x (t-4) such that y (t) = 1 corresponds to a dis-

tinct term in the canonical sum of products expansion for £.

It is not true, however, that every binary FIM machine with 2# terms in

the canonical sum of products expansion for f is invertible or even information
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lossless. The non-degenerate, binary, FIM (2) machine with output function?

y ) =x ¢-1) O & @) x (¢t-2))

is an example of such a machine which is not IL.

It is natural at this point to investigate constraints imposed on the output
function of an FIM (g) FSM in order to satisfy the invertibility condition. For
small orders of L these constraints may be easily obtained. In the case of

binary machines which are INV #0 it is well known (see Preparata?’) that

Theorem 5.3: A binary, non-degenerate, FIM (u#), FSM is INV #0 if and only

if it has an output function of the form

y ) =x ) ® g (x (t-1), x (t-2), **e* x ¢t-4)) .

A similar result can be obtained in the case of INV #1 machines. In this

case we have

Theorem 5.4: A binary, non-degenerate, FIM () FSM M is INV #1 if and

only if it has an output function of the form

v ) =x ¢-1) 3 g (x ¢-2), x (t-3), +*+* x (t-4)) .

Proof: The suffic.iency of the condition for the INV #1 property is evident by

inspection. To prove necessity we first show that if M is INV #1, then y (t) does

not depend on x (t) or that the output function for M can be written in the form

y ®) =f (x (t-1), X (t-2), *** X €-4)) .

2In this and succeeding chapters we will use the symbols @ , ¥, °, and -
for the Boolean operations of exclusive or, inclusive or, logical product and

complementation respectively.

3F. Preparata, 'Convolutional Transformations of Binary Sequences:
Boolean Functions and Their Resynchronizing Properties', IEEE Transac-
tions on Electronic Computers, Vol. EC-15, December 1966, pp. 898-908.



Suppose, to the contrary, that y (t) does depend on x (t). It follows that there
exists a state, s;, such that A(s;, 0) # A(sq, 1). We note that any predecessor,
say s, of s; must also satisfy A(sj, 0) # A(sj, 1). If not, then there exists a
chain of compatible pairs on the invertibility test graph for M of length at least
two and M is not INV #1. Since M is non-degenerate, a continuation of the
above procedure for all possible predecessors of sj, of 8; and of all predeces-
sors of s, etc., will eventually exhaust the state set. At this point we will
reach the conclusion that every state s satisfies A(s, 0) # A(s, 1). But this

requires that M is INV #0, contrary to our hypothesis. Hence, if M is INV

#1, then y (t) does not depend on x (t).

We now must show that the output function f can be wmttenm the form
y (1) =x ¢-1) @D g (x (-2), x (t=3), *+++ x (t-4)) .

Suppose no such function g exists. It follows that there exists a sequence of
input digits ag ag eecs++ ay of length 4 -1 such that if x (t-2) x (t"_3)' seee
X (t-M) = ag ageces ay, thenf (0, ag, ag, «o-c ay) =1 (1, ag, ag, eco. ay) =
f(x ¢-1), x (t-2), °°* x (t-4)). But the states (0, ag, ag, *°°* au) and
(1, ag, ag, °°°** a ”) form a compatible pair on the invertibility test graph for
M. Consequently, there must exist a compatible pair chain of length at least
two and M is not INV #1. Hence, if M is INV #1, then f can be written in the

specified form. This completes the proof of Theorem 5. 4.

The necessity that x (t-L) appear in a modulo-two sum with some function
of past inputs for a non-degenerate FIM machine to be INV #L in the case of

L =0 and L =1 might lead to the conclusion that this is a necessary condition
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for L > 1 also. This, however, is not the case. The machine whose sequen-
tial function is

y ) =x ¢-1) ® (x @) » x (t-2) * x ¢-3))
is a counter-example to this conjecture. This counter-example is due to
Prof. R. G. Gallager4 of M.I.T. To show that the machine with the above
output function is INV #2 consider the equations

y ) =x t-1) D& - x (t-2) ¢ x (-3))

y (t-1) =x (t-2) 3D x (¢-1) - x (¢-3) * x (t-4)) .
Solve the first equation for x (t-1) and substitute for x (t-1) in the second to
obtain

y (t-1) =x ¢-2) D (7€) * x ¢-3) » X (t-4))
Clearly we may express x (t-2) as a function of present and past output and
past input digits. Therefdre, a delay two inverse exists and the machine is

INV #2.

We wish to extend the results of Theorems 5.3 and 5.4 to derive require-
ments on the form of the output function in order that a binary, non-degenerate,
FIM () machine be invertible. Unfortunately, we are not able to givel both
necessary and sufficient conditions for invertibility. However, we are able to
define sufficient conditions; conditions which include a large class of invertible,
FIM (u) machines., A generalization of the form of the output function for the

INV #2 FSM just described leads to the following result.

4private Communication, Prof. R. G. Gallager to Prof. J. L. Massey,
April 1967.



Theorem 5.5: A binary, non-degenerate, FIM (u) FSM M is invertible if the

following two conditions hold. (1) There exists an integer k < such that the
output function for M can be written y (t) = x (t-k) @ g (x(t), x (t-1), cess

X (t-k+1), x (t-k-1), sese X (t-u)) for some function g of i variables. (2) For
each x (t-j); 0 < j < k-1; that is non-idle in g there exists a distinct pair of
unordered, non-idle variables x (t-pj) and x (t—qj) such that g > Pj > 2k - j+1
and 95 = pj - k+j and such that for each j every minterm in the qanonical sum
of products expansion of gcontains the product of literals, x (t—pj) o X—(.E-:i;;,

or every minterm contains x (t—pj) e X (t—qj).

Proof: The arguments required to show the validity of the theorem are unre-

wardingly tedious and hence, are omitted.

Binary, non—degenerétte, FIM (u#) FSM's with output functions satisfying
the conditions of Theorem 5.5 are INV #L for L = 2k-n where n is the least
integer j; 0 < j < k-1; such that x (t-j) is a non-idle variable in the output
function. If all such x (t-j) are idle variables, then n =k and L=k. Itis
interesting to note that the formulation of Theorem 5.5 retains a character-
istic noted for INV #1 machines. As a consequence of Theorem 5.4 it was
observed that all binary, non-degenerate, FIM machines which are INV #1
have an output function f such that x (t) is an idle variable in f. This same
characteristic holds for the machines with inverse delay L. < 2k defined in
accordance with Theorem 5.5. If the inverse delay L is odd then x (t) must

be an idle variable in f,
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The formulation of Theorem 5.5 is not a canonical form for all binary,
non-degenerate, invertible FIM machines. An output function which does not
conform to the precise requirements of Theorem 5.5 but which may be taken
to define an INV #2, non-degenerate, FIM (3) machine is given by

y ) =x ¢t-1) D & () » x (t-2) * X {-3) +x (t-3))
Necessary conditions on the output function f to insure invértibility of the

corresponding FSM have not as yet been determined.

Another, question of some interest concerns requirements on the output
function of an FIM machine in order that the machine be information lossless.
As in the case of conditions for invertibility we are unable to give both neces-
sary and sufficient cc?nditions for the output function of a binary, non-
degenerate, FIM (u) FSM to be representative of the information lossless
property. We are, however, able to define some sufficient conditions for
losslessness. First we observe that some of these conditions have already
been given by Theorem 5.5 since every invertible machine is IL. Hence, we

direct our attention in what follows to the class of information lossless but not

invertible FIM machines.

To indicate the nature of the conditions to be considered as sufficient for
IL behavior we give several examples of output functions which may be taken
to define FIM, IL machines. First consider any non-degenerate, FIM (i),
FSM whose output function may be written in the form
y® =x¢-m)@Dg &), x¢-1), +ore x (-p+1)) .

Clearly this machine is IL since we may solve for x (t-u) explicity in terms
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of present output y (t) and the present and -1 past input digits x (t), x (t-1),
eeee x (t- 4+1) which are known if the final state is specified. With x (t- ) so
determined we may obtain x (t-u-1) from y (t-1) and x (t-1), x (t-2), **<-

X (t-u). It is seen that all input digits x (t-u4-i); i __>_ 0; may be recovered in

this manner.

Another more interesting example is the output function
y ) =x ¢-2)® & )+ x (t-1) - x (t-3))
To show that the non-degenerate, FIM (3) machine corresponding to this output

function is IL we write the expression for y (t-1);

v (t-1) = x ¢-3) (D) x ¢-1) « x ¢-2) » (t-4))

Solve for x (t-3) and substitute in the first equation to obtain

vy () =x ¢t-2) 3D & ¢) - x ¢t-1)« y ¢t-1))

which yields

X (t-3) =y (t-1) @ x @t-1) > x (t-2) - y (t-2)) .
Since the final state is equivalent to (x (t), x (t-1), x (t-2)), knowledge of the
final state allows the determination of x (t-3). A continuation of this procedure

yields all prior input digits. It follows that the machine is IL.
The form of this last example leads to the following generalization,

Theorem 5.6: A binary, non-degenerate, FIM () FSM M is IL but is not

invertible if the following two conditions hold. (1) There exists an integer
k < g4 such that the output function for M can be written y (t) = x (t-k) @

g (x (t), x (t-1), °=°°* x (t-k+1), x (t~k-1), °--° x (t-4)) for some function
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g of y variables. (2) For eachx (t-j); k+1< j < 4; that is non-idle in g
there exists a distinct pair of unordered pon—idle variables x (t-pj) and x (t-q;)
such that 0 < P; <k-l1and 0 < q; = pj * k-j and such that every minterm in the
canonical sum of products expansion of g contains x (t-p;) * ;(-zf-_q?or every

minterm contains x (t—pj) X (t-qj) -

Proof: As inthe case of Theorem 5.5 the proof, although straightforward, is

quite tedious. Therefore proof will be omitted.

As in the case of the conditions sufficient for invertibility considered in
Théorem 5.5 we cannot claim that Theorem 5. 6 specifies output functions
corresponding to all IL, binary, non-degenerate, FIM (4) machines. There
are such IL machines whose output functions do not conform to the require-
ments of Theorem 5.6. An example is the FSM whose output function is

y =% t-2) O & 0+ x ¢-1) » x ¢-3) +x ()
This function may be associated with an IL (but not invertible), FIM (3) finite

state machine,

We conclude this chapter by noting that, although Theorems 5.5 and 5.6 do
not define output functions corresponding to all binary non-degenerate, FIM (i),
invertible and information lossless machines, these sufficient conditions do
provide some indication as to the requisites of such output functions. We also
remark that the requirement of both Theorems 5.5 and 5,6 that there exist
some k such that the output function can be written

y ) =x t-k) (D g x (1), x ¢-1), **** x (t-k+1), X {t-k-1), *oo+ X {t-4))

is believed to be a necessary condition for information losslessness. The

proof for this conjecture has eluded us thus far, however,



CHAPTER VI

FINITE OUTPUT MEMORY MACHINES

A class of finite state machines for which properties of invertibility and
information losslessness may be completely specified is that of finite output

memory machines.

Delinition 6.1: A finite state machine M has finite output memory 4 (FOM (L))

if i is the least integer such that the output at time t can be expressed in the
form
y 1) =1 x(), y 1), y{t-2), *+*° y (t-4))

for t > M. If no such M exists, then M is said to have infinite output memory.

The output function f is considered as a mapping;
N
f XX( JY#(Si)-——>Y ;
i=1
where N = #S. If an FSM has finite output memory 4, then any output sequence

of length y determines the final state up to equivalence.

Vairavan! has shown a necessary condition for any non-degenerate finite

state machine to have finite output memory. This condition is given as

Lemma 6.1: If a non-degenerate FSM has finite output memory, then for all

si € S and for all x #u, if A\(sj, x) = A(s;, u), then §(si, X) = §(si, u).

k. Vairavan, "On the Memory of Finite State Machines, ' Technical Re-
port No. EE-683, University of Notre Dame, Dept. of Electrical Engineering,
April 7, 1968, pp.43-44.
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We note that the condition of Lemma 6.1 is necessary for finite output memory

whether or not the machine is minimal.
As a consequence of Lemma 6.1 we may state the following.

Theorem 6.1: A non-degenerate FSM M with finite output memory is IL if and

only if x # u implies that A(sj, X) # A(si, u) for every sj € S.

Proof: Sufficiency is obvious. Hence, we need only show necessity. Suppose

M is IL but has a state s; such that for x # u we have A(sj, X) = A(si, u). If
M is a non-degenerate FOM machine, it follows from Lemma 6.1 that §(s;, x)

= § (sj, n). But then M is not IL, contrary to our hypothesis and the theorem

follows.

Since every machine with A(sj, x) # A(s4, u) for every s; is invertible with

delay zero (INV #0) we may immediately state several corollaries.

Corollary 6.1.1: Every non-degenerate, FOM FSM is INV #0 and has an in-

stantaneous inverse or is not invertible and has no inverse at all.

Corollary 6.1.2: In the case of non-degenerate, FOM FSM's information

losslessness implies invertibility.
Furthermore, the result of Theorem 6.1 implies the following.
Corollary 6.1.3: For every IL, non-degenerate, FOM FSM with #X = #Y =q,

# (J Y2 sp) ="

s{ €S

for every n.
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Hence, from Corollary 6.1.3 it follows that if #X = #Y, then for every output
sequence there exists a state that allows that output sequence on an IL, non-

degenerate FOM machine,

As in the case of FIM (yu) machines an appropriate choice for the state

set S of non-degenerate, FOM () machines is the set of all possible output

sequences of length #. It follows that for IL machines of this class, the
order of the state set S is q” if #X = #Y = q. Hence, for such machines,

information losslessness implies strong connectedness.

We present one more result in this brief chapter. This result concerns
the form of the output function associated with IL, non-degenerate, binary,

FOM () machines,

Theorem 6.2: A binary, hon—degenerate, FOM (u) FSM M is IL if and only

if the output function f for M may be written in the form

y)y=x@) O g t-1), y (t-2), *****° y (t-p)).

Proof: Sufficiency of the stated condition is evident by inspection. Hence, we
need only show necessity. Suppose that no such function g exists. Then M
must have a state, say sj, suchthat A(sj, 1) = A(sj, 0) = @, Let sj =

(al, @y, o0 a” ) where the &; are the 4 past output digits. But the suc-
cessor states of s; satisfy §(sj, 0) = 8(sy, 1) = (@g, @1, ccce° ay -1). Since
two distinct input digits yield the same output and the same final state it

is clear that M is not IL., Hence the existence of g such that

vy =x¢) & g (v ¢t-1), y ¢-2), coeec y t-u))

is a necessary condition for M to be IL and the theorem is proved.



CHAPTER VII

LINEAR MACHINES!

We consider in this chapter the most structured of all finite state machine
classes, that of linear machines. In order to conform to somewhat more com-
mon usage we will refer to these devices as linear sequential circuits rather

than linear finite state machines.

Definition 7.1: A finite state machine M = {8, X, Y, 4, Ay s a linear
sequential circuit (LSC) if S, X and Y are vector spaces over a finite field

GF (q) and § and A satisfy

It

st =8@E M), xM))=As ) +Bx ()

and y® AE®), x®))=Cs () +Ex ()

where A, B, C, E are matrices over GF (q) and '+' is the additive operation

in GF (q).

Since multiple input, multiple output LSC's will be considered we will let the
input x (t) be a K dimensional column vector and the output y (t) be an N
dimensional column vector; K=1, 2, 3, »¢°°*; N=1 2, 3, °sece ., 1In

addition, let the dimension of the state space be M; M =1, 2, 3, #cc°° |

Since linear devices are considered in this chapter, it is possible to make

use of transfer function matrices. It is well known that the transfer function

Irhe results of this chapter were previously presented in University of
Notre Dame, Department of Electrical Engineering, Report No.684, entitled,
'""Note on Feedforward Inverses for Linear Sequential Circuits", April 1, 1968.
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matrix H (D), where D is the unit delay operator, completely describes the
zero state response of an LSC. The zero state response is the only response

we will consider here.

The matrix H (D) may be derived from the A] B, C and E structural
matrices by a D-transformation of the equations given in Definition 7.1. The
result of the derivation is

H (D) =E-C (DA-1Iy) ! DB 1)
where I is the M X M identity matrix. Clearly from Equation (1) the entries
in H (D) are rational functions (ratios of polynomials in the delay operator D)
with polynomial coefficients from GF (q). In addition, it may be seen from (1)

that H (D) for an LSC with N outputs and K inputs is an N X K matrix.

As is well known an LSC is strongly connected if and only if it is state
controllablez. Hence, the existence of an inverse with respect to state zero
(0) is equivalent to invertibility with respect to all states for state controllable
LSC's. Moreover, a minimal realization of H (D) always results in a state
controllable LSC. Hence, we lose no essential generality by restriction to
state controllable response and we will use invertibility synonomously with

inverse with respect to state 0 in the remainder of this chapter.
We will make use of the L.SC transfer function matrix to derive the neces-

sary and sufficient conditions for the existence of a special kind of inverse,

2Martin Cohn, "Controllability in Linear Sequential Networks', IRE Trans-
actions on Circuit Theory, Vol. CT-9, No.1, March 1962, pp. 74-78.
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i.e.. a feedforward inverse LSC. Feedforward LSC's have transfer function
matrices whose entries are all polynomials-and can be realized by a feedback

free connection of delay elements.

Motivated by the importance of feedforward inverse realizations for
encoders of convolutional codes Massey and Sain® have derived a necessary
and sufficient condition for the existence of such inverses in the case of feed-
forward LSC's., Their concern with feedforward LSC's arose from the fact
that convolutional encoders are LSC's of this type. In this chapter we will
extend their result to the entire class of linear sequential circuits. An inter-
esting property of the extended inverse existence condition is that it specifies
the minimum delay of any inverse circuit, feedforward or feedback, which may
be realized. Furthermore, the existence condition given in this chapter incor-
porates an implicit procedure for the construction of feedforward inverses with

minimal delay.

We begin our investigation of feedforward inverses for LSC's with the
following conventions. Let H (D) represent the N x K transfer function matrix
of some physically realizable LSC with N outputs and K inputs. Without loss
of generality it may be assumed that the numerator and denominator polyno-
mials of the entries in H (D) are relatively prime. Let the K dimensional
column vector I (D) be defined as the vector whose k~th component is the

35. L. Massey and M. K. Sain, "Inverses of Linear Sequential Circuits",
IEEE Transactions On Electronic Computers, Vol. C-17, April 1968, pp. 330~

337. (See also '"Postscript to Inverses of Linear Sequential Circuits", IEEE
Transactions on Computers, Vol. C-17, Dec. 1968, pp. 1177).



D-transform of the k—th input sequence; k=1, 2, ***** K; and let T (D) be
an N-dimensional column vector whose n-th component is the transform of the
n-th output sequence; n =1, 2, ***** N, Then if the LSC whose transfer
function matrix is H (D) is in the zero initial state we have

IT®=H@OIMD) . (2)
An LSC is invertible, possibly with delay, if and only if I (D) can be uniquely
recovered from T (D). Clearly a necessary and sufficient condition for unique
recovery is

rank H D)) = K 3)
where the entries in H (D) are considered as elements in the field of rational
functions over GF (q). Condition (3) requires that

N 2K . 4)
Since interest is confined to those LSC's which are invertible, condition (4) will

be assumed in all that follows.

If condition (3) holds there exists a K x N matrix R (D) of rational functions
(not unique if N > K) such that
R D) H D) = I ®)
where Iy is the K X K identity matrix, Note that an R (D) which satisfies (5)
may not be realizable since some entries or R (D) may have denominator poly-
nomials which contain D as a factor. Again we assume that the numerator and

denominator of each entry in R (D) are relatively prime. Let L be the greatest

power of D which is a factor of a denominator polynomial, It is always possible
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1
to obtain a transfer function matrix R (D) which is physically realizable by
multiplying R (D) by pL,
! L
R D)=D"R (D) (6)
With this definition of R' (D) and L, multiplication of both sides of (5) by pL
gives
! L
R (D)H (D) =D"Ig (7)
which in turn from (2) implies
! L
R O)T ®)=D"1D) . (8)
!
Hence, R (D) is the transfer function matrix of a realizable, delay L inverse
for the L.SC whose transfer function matrix is H (D). A transfer function
matrix has a feedforward realization if and only if all its entries are polyno-
mials rather than more general rational functions. Thus, the search for feed-
forward inverses is essentially the search for KX N matrices R' (D) which

satisfy Equation (8) and whose entries are all polynomials.

Let Q D) =Qq +Qq D +eeeeeee + QmDm be the least common multiple
(lcm) of the denominator polymonials of the entries of H (D). Since H (D) is
characteristic of a realizable circuit, it follows that Q, # 0. With Q (D) so
defined there exists an N X K matrix of polymonials G (D) such that

HD)=G®D/Q M) . 9
The matrix G (D) has (g) distinct K X K submatrices. Let G (D)n denote the
n-th K x K submatrix of G (D) and let 4, (D) be the determinant of G (D). In
addition, let C (D), be the adjoint matrix of G (D), and let % (D)n; i=1, 2,

ssees K; j=1, 2, «ese K; represent the polynomial entries in C (D),. Each
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Cc M), has K2 entries which are the K® cofactors of G (D),. Note that the
entries cij (D)n; n=1, 2, eseeo (E); are not all distinct but each appears

N-K+1 times,
With these preliminaries completed, the main result of this chapter may

be presented as the following theorem.

Theorem 7.1% An N-output, K-input linear sequential circuit with transfer

function H (D) has a feedforward inverse if and only if

AD) _ bt ‘0
ged [AD), Q@] C O -~ BD) 10)

where A(D) = ged [Ai (D):], i=1,2 oo (ﬁ),

. . — N
C @) =ged [o, @) ] 121, 2, coee K5 §=1, 2, coee Kin=1,2, eee ()
L is an integer 2> 0, AB(D) is a polynomial with g(0) # 0, and '"ged" indicates

""greatest common divisor''. Moreover, there exists a feedforward inverse

with delay exactly L and no inverse of any kind exists with delay less than L.
Note that L < 0 can never occur since Q (0) # 0 and C (D) divides A(D).

The proof of Theorem 7.1 will be given in three parts, showing succes-
sively the necessity, the sufficiency and the minimality of the delay L defined

by condition (10).

4The result of this theorem was communicated to Dr. G. D. Forney who sub-
sequently gave an elegant algebraic proof using the Smith-McMillan canonical
matrix expansion of the transfer function matrix H (D). See: G.D. Forney,
""Convolutional Codes I : Algebraic Structure", IEEE Transactions on Informa-
tion Theory, Vol. IT-16, No.6, Nov.1970, to appear.



Proof of Necessity: Suppose (10) is not satisfied for any L 2 0 and for any

B(D) with 8(0) # 0. Then

AD) _ _aD) (11)
ged [4D), @@)|C D) BO)

where @(D) is a polynomial containing an irreducible factor, say m (D), such
that deg [:m (D?:l > 1land m (0) #0. But then A4 (D) also has m (D) as a
factor. Let the multiplicity of m (D) as a factor of A (D) be | 6 where 6 2> 1.
Since both ged [:A D), Q (D)] and C (D) may have m (D) as a factor, let U4 be
the multiplicity of m (D) as a factor of ged EA D), Q (D):I and let A be the
multiplicity of m (D) as a factor of C (D). Note that since 6 > 1, it follows
that 4 is the multiplicity of m (D) as a factor of Q (D). Now both i 20 and
A =0 and by hypothesis « (D) has m (D) as a factor, therefore, the multiplic-
ities satisfy

s> u+ A (12)
If C (D) has m}‘ (D) as a factor, there exists some K X K submatrix of G (D)
whose adjoint has a row in which the elements have a greétest common divisor

divisible by mA (D) but not by m A1

(D). Let the submatrix whose adjoint
contains this row be G D), and let the adjoint matrix be C (D),- Let the r-th

row of C (D), contain an element which has m (D) as a factor of multiplicity

precisely A .

Define the polynomial P,. (D) as the greatest common divisor of the K
entries in the r-th row of C (D)n. Then there exist polynomials F; D);
i=1, 2, ee22+ K; such that

Py (D) = cpy D)yFy O) + cpg D) Fy @) +++++ +cpg M), Fx @)  (13)
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where the c,; (D), are the entries in the r-th row of C (D),,. Define the poly-
nomial vector, P (D) = (P; (D), Py (D) *¢***» Py (D)), from the following.

P @) =C @), F D (14)
In (14) the polynomial vector, F (D) = (F1 D), Fg (D), =¢+°°s Fgx D)), is
defined by (13). Premultiplication of both sides of (14) by G (D),, gives

G @),P® =4, F D) (15)

since

G D), C0),=CM,GM,=4, DI (16)

where'IK is the K x K identity matrix.

Now suppose that the K inputs to an LSC whose transfer function matrix is
G (D) are given by

P; D) Q D)

I; @)=
! mH A+

s i=1, 2 ceeer K . (17
@)

Note that at least one input sequence defined by (17), namely the sequence cor-
responding to I,. (D), has an infinite number of non-zero digits since P, (D) and
Q (D) have m (D) as a factor with respective multiplicities of exactly A and £ .

Solving (17) for P; (D), the result is

Pi D=1 M) m# A1 ) /q @) . (18)

The following lemma due to Massey and Sain3 is useful in demonstration

of the necessity of Condition (10).

Lemma 7.1: For any polynomial vector P (D) satisfying (15) and for any
index j; 1 < j SN; the j~th row of G (D) satisfies
K

2. Gj; @) P; @) = 4(D) Aj ©) (19)
i=1
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where the Gji (D) are the entries in the j-th row of G (D) and Aj D)isa

polynomial.

Substitution of (18) in (19) gives

K

1 A D) A; D)

To & Gi@L® = s 20)
i=1
But the left hand side of (20) is

K

Z Hji ®) I @) = Tj @) (21)
i=1

Il

where the Hji M); i=1, 2, »+++, K; are the entries in the j-th row of H (D).

Thus

4 D) AJ- ®)
mll+A+1

i

T; ©) (22)

®)

Recall that A (D) contains a factor m (D) with multiplicity § and (12)
states that § > #+A. Therefore, m# *A+ (D) divides A (D). It follows that
Tj (D) has only a finite number of non-zero digits for every j. Thus, by the

following result of Massey and Sain3 the LSC whose outputs are defined by

b

(22) when the inputs are given by (17) has no feedforward inverse.

Lemma 7.2: If for a given LSC there exists an input sequence with infinitely
many non-zero digits such that the corresponding output sequence has only
finitely many non-zero digits, then the LSC has no feedforward inverse, with

delay or without delay.
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Consequently, when (10) is not satisfied (or a(D) # DL) no feedforward

inverse circuit exists.

Proof of Sufficiency: Suppose that for a given LSC with transfer function

matrix H (D) Condition (10) is satisfied for some L 20. Since AD) =

ged [Al (D), 4y @), **** A(N) ('D):I , there exist polynomials B, (D) such that

()
> B D 4; D= AD) . (23)
i=1

Therefore, by use of (16)

N
()

2, BiDCM@);GO);= 4D) I . (24)
i=1

But if Condition (10) is satisfied (24) gives

W o
> 5o oy o) - [4m), i((;)] oot
i =1
In addition, if T (D), is a vector of K output sequences corresponding to the
rows used to form G (D);, it is clear that
G@D;I®=QDTO) . (26)
By use of (26) Equation (25) becomes
(27)

N
()
BDQ® Y BOCEO;IM);=gd [4D), @] COD IO .

i=1
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But ged [A(D), Q (D)_] divides Q (D) and C (D) divides each entry of C (D);.

Hence, we may define the polynomial

Q' @) =Q ()/ged [4D), @ @] (28)

and define the matrix of polynomials

c D), =C D),/C @) . (29)

Then Equation (27) becomes

(k)
BDQ ® Y B;M®C ©);I@;=D"1M) . (30)
i=1

Now Equation (30) gives an implicit formulation for the transfer function of
an inverse LSC with delay, L. Note that each T (D); in the summation on
the left hand side of (30) is multiplied by a K X K matrix of polynomials.
Clearly, the summation of polynomials which multiply each transformed
sequence Tj (D) results in a polynomial. It follows that the inverse con-
structed from (30) is a feedforward inverse. Thus, Condition (10) has been

shown to be sufficient for the existence of a feedforward inverse LSC with

delay L.

It should be noted that (30) does not give a unique feedforward realiza-

tion since the set of B; (D) which satisfy (23) are not unique.

Proof of Minimal Delay: Condition (10) has been shown to be necessary and

sufficient for the existence of a feedforward inverse LSC of delay L. To
complete the proof of the theorem, it remains to show that no inverse with

delay less than L exists. To aid in establishing this result the following



lemma where i (t) is the vector of K inputs at time t and ¢ (t) is the vector of

N outputs, is useful,

Lemma 7.3: If for a given LSC there exists an input vector sequence with
i (0) # 0 such that the corresponding output vector sequence hast (0) =t (1) =

seees t (L-1) = 0, then no inverse (of any kind) with delay less than L exists.

Proof: Suppose the all zero vector sequence is applied to an LSC in its zero
state such that i (t) = 0 for all t. The corresponding output vector sequence is
also the all zero vector sequence and in particular, t (0) = t (1) =e++*°° t (L-1)
= 0. But if some other input vector sequence with i (0) # 0 also results in an
output vector sequence such that t (t) = 0 for 0 £ t < L~1, then the output
vector sequences are identical in the first L time units for two distinet input

vector sequences, Clearly no inverse can differentiate between the two output

vector sequences until t = L. Therefore, no inverse with delay less than L

exists. Hence, the lemma is proved.

It now suffices to show that, if Condition (10) is satisfied, there

exists an input vector sequence for which i (0) # 0 and a corresponding
output vector sequence such that t (0) =t (1) =ssees =t (L~1) =0. To this
end suppose Condition (10) is satisfied. Then A(D)/(ged [A(D), Q (D)_-_]

C (D)) has DL as a factor. Since Q (0) # 0, D does not divide gecd EA(D), Q (Dﬂ,
but may divide C (D). Therefore, let C (D) have D as a factor with multiplicity
k 20. Proceeding as in the procl>f of necessity, there exists some C (D); which
contains a row, say the r-th, in which the entries have a greatest common

divisor which is divisible by Dk. Let this greatest common divisor be pP. (D).
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Define the polynomial vector, P (D), as in Equation (14) and consider the func-
tion, P; (D) @ (D)/(ged [4M), Q @) ] C @)). Observe that neither @ (D) nor
ged [A M), Q (D):l contains D as a factor. In addition, there exists some

P; (D), namely Py (D), which-has DX as a factor. Since C (D) has D as a factor
of multiplicity k, it follows that P, (D) Q (D)/(ged [AM), @ (D):I C (D)) does
not contain D as a factor. Thus, if I; (D) is defined by

Pi.0)Q @) .
ged [A@), @@ | c @’

Ii (D): i:l’ 2’ sesee K; (31)

it is seen that i (0) # 0 for the-transformed input sequences defined by (31).

Now solution of (31) for P; (D) and substitution in (19) gives

K
G;; O) I; D) A(D) A; (D)
Tj (D) = E i i _ J

T e e poeo]co

. (32)

But, by hypothesis, Condition (10) is satisfied for some L 20. Therefore

ph A; @)
Ty @) =g

(33)
for all j. Since B(0) # 0 and Aj (D) is a polynomial for each j, it is clear that
the output sequences corresponding to (33) have t (0) =t (1) =t (2) =eecee =

t (L-1) = 0. Hence, by Lemma 7,3 it is concluded that no inverse with delay
less than L exists. Note that the delay which is defined by (10; is minimal
over all classes of linear inverse circuits, not just feedforward inverses. It

follows that no inverse of any kind with delay less than L exists. This com-

pletes the proof of the theorem.

The results embodied in Theorem 7.1 are threefold. First, the theorem

gives a necessary and sufficient condition for any LSC to have a feedforward



inverse. Secondly, an implicit procedure for the construction of feedforward
inverses, when they exist, results from the proof of the theorem. A non-
trivial application of the construction procedure is given in Appendix A.
Finally, the condition of the theorem defines the minimum delay L of any

inverse, i.e., no inverse of any kind with smaller delay exists.

3
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CHAPTER VIII
UPPER BOUNDS ON INVERSE DELAY

In this chapter we consider upper bounds on inverse delay or on the integer
L for INV #L finite state machines. Bounds will be considered in terms of the
order of the state set for the general class of FSM's as well as for the special
case of binary machines. An upper bound on inverse delay for any invertible
machine with N states is well known and can be obtained quite simply. It can
be shown that every INV #L machine satisfies L S_ N(N-1)/2 as a direct conse-
quence of Even‘sl test for IL and ILF behavior (see Chapter III). The least
order of losslessness of an ILF machine M is given by the number of nodes on
the longest chain of distinct compatible pairs (nodes) of distinct states on the
invertibility test graph (ITG) for M. By Theorem 3.1 M is INV #L if and only
if L is the least integer such that M is ILF of order L. Clearly an upper
bound on L for an N state, INV #L machine is given by the maximum possible
number of distinct compatible pairs of distinct states on the ITG. Hence, for
any N state, INV #L machine, L < (1;) = N(N-1)/2. We will show shortly that
in the general case this is a tight upper bound, i.e., for every N these exist

N state, INV #L machines with L = N(N-1)/2.
It is possible, however, to improve on this bound in certain restricted

cases. To accomplish this, we will make use of the following definition.

Is, Even, "On Information Lossless Automata of Finite Order", IEEE
Transactions on Electronic Computers, Vol. EC-14, August 1965, pp. 561-569.
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Definition 8.1: A state s; is an n-lossless state if n is the least integer such

that there exist no x™ and u” with different first letters such that A(sj, x") =

Asi, uP).

We observe that every state on an INV #L. FSM is n-lossless for some n < L+1
and that there must exist at least one state that is (L+1)-lossless., If every

state is n-lossless for some n, then L = n-1.
Making use of Definition 8.1 we may state

Lemma 8.1: If a strongly connected FSM M is INV #L for L >1 and if

#X = #Y = q, then there exists no length L sequence of one-lossless states.

Proof: The lemma follows directly from Theorem 2.1 since the existence of
a sequence of one-lossless states of length L or longer implies that for some

L

o

€ YL, #5¢ (8¢, aL) =1 where s, is the first one-lossless state in the

0
sequence. By Theorem 2.1 it follows that #Sf (s, yL) =1 for every s € S and
yL eyl (s). Hence, either every state is one-lossless and L. = 0 or M is not

INV #L.

In the case for which q is prime we may rephrase Lemma 8.1 to further
restrict the length of any sequence of one-lossless states. For machines
which satisfy the hypothesis of Lemma 8.1 with the added restriction that q is
prime we have by the corollary of Theorem 2.2 that #S;¢ (s, yL) = qJ for some
j 21 and for every s and yL. It follows that there can exist no sequence of

one-lossless states of length longer than L-j on such machines. Hence, we



conclude that if a strongly connected FSM M is INV #L for L 21 and if
#X = #Y = q for q a prime integer and if #Sf'(so, aL) = qj for some 8, and aL,
then there can exist no sequence of one-lossless states of length longer than

L-j.

We turn now to the primary consideration of this chapter, i.e., upper

b
bounds on inverse delay. For the restricted, but important, class of binary

machines which satisfy

MAX #S¢ (s, yb) =2
S, yL

it is possible to derive a tight upper bound on inverse delay which increases
only linearly with the order of the state set. To aid in the derivation we make

use of the following two results.

Lemma 8.2: If an FSM M is IL and if #X = #Y = q, then for every n ZO
MAX #8¢ (s, y0) £ MAX #8¢ (s, yntl)
s, yh s, yn 1

Proof: -Let s; and a® satisfy

#X" (s, @) = MA}é #xX" (s, Y =K, .
S,y

Since #X = q we may state

Z#Xnﬂ (s, @ y) =q K, .
y

However, since #Y = q it follows that

MAX #x™*1 (s;, @® y) > K, .
y
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But it is always true that

MAX #xM1 (s, g% y) £ MAX #xMH (s M)
y s, yo*

Hence, it follows that

MAX #XD (s, y?) < MaxX #x0H1 (5 y0*1)
S, yn S) yn+1

and from the IL property we may conclude

MAX #5¢ (s, y") < MAX #8; (s, y**1) .
s, yi s, yn+1

Therefore, the lemma is proved.
Another useful prelimipnary result is given as

Lemma 8.3: If M is a binary, INV #L. FSM which satisfies

MAX #5¢ (s, y&) =2,
S,y

then no state which initiates a length L sequence of one-lossless states can be

included in any compatible pair on the ITG for M.

Proof: Suppose state s; is the first state in a length L sequence of one-lossless
states. Suppose further that s; is included in some compatible pair on the ITG
for M. Let (sj, sy) be this compatible pair. Let n be the least integer such
that there exists s, and @" such that both s; and s € S¢ (89, &), Since L n,
it follows from the hypothesis of the theorem and from Lemma 8.2 that
#S¢ (sg, @™ =2. Since s; is one-lossless, there must exist 8 such that both
s; and s € 8; (8). Hence, L>n+l and #S¢ (8g, @ B) = 2. Consequently, 8y

is a one-lossless state also. Since s; is the first state in a length L sequence
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of one-lossless states, there exists a successor of sj that is one-lossless and
on the assumed length L sequence of one-lossless states. Let this successor
be §(sj, a). But Sg (s, a® y) = 2 for every y. Hence, there exists a suc-
cessor of s, say §(sy, b), such that both §(s;, a) and §(sj, b) €Ss (s, a® )
where ¥ = 8 or E since M is binary. However, because §(sij, a) is one-

lossless it follows that L = n+2 and consequently that #5; (s, a® Yy) =2 for
every y and that there exists a successor of §(s;, a) that is one-lossless.

Clearly a continuation of the indicated arguments yields the conclusion that

L 2 n+m for arbitrarily large m. Therefore, no state which initiates a length

L sequence of one-lossless states can be included in a compatible pair on the

ITG for M and the lemma is proved.

Based on the preceding two preliminary results it is possible to show an

upper bound on inverse delay for the class of machines considered.

Theorem 8.1: If M is an N state, binary, INV #L FSM which satisfies

MAX #8¢ (s, yLy = 2,
s, yL

then L S N/2.

Proof: The fact that M is INV #L implies that there exists sy € S and ali =
a8 ++s+s ag, and bl = by by ++e.. by, with a7 # by such that A(sg, al) =
A(sg, bL). Suppose L > N/2. This requires that at least one of the following
conditions is satisfied for i < j _<_L.

(1) 8(sg, a1 ag s=«- aj) = 8 (89, 21 82 e ++s 3j)

(2) 8(sg, by bg eee- bj) = 8 (s, by by eeee by)

(3) 8(sy, aj ag==- aj) = 8(sp, by bg ecc. by)

4) 8(sg, bl by e ees by) = 8(sp, a1 ag **°- aJ)



The first two conditions differ only in an arbitrary assignment of input labels.
Consequently, we need not consider condition (2). A similar conclusion is
reached by comparison of conditions (3) and (4). Hence, we need not consider

condition (4).

Suppose condition (1) holds. Since M is binary and since

MAX #5¢ (s, y&) =2,
s,yL

it follows from Lemma 8.2 that all states §(sy, a; ag *°*+ ag) and

8 (sg, by bg * ¢+ by) are one-lossless for every k; 1 <k < L. In addition,
since §(sy, aj ag *+*+* a;) = 8(sg, a1 ag «+++ 2j), there exists an infinite
length sequence of one-lossless states starting from state §(sy, a;). But

8 (s, a1) and §(sp, by) form a compatible pair on the ITG for M. Hence, by

Lemma 8.3, M is not INV #L for any L.

Suppose condition (3) holds. This case is illustrated in Figure 8.1.

2141/ ‘ J+1/
bs/a 1+1/ +1/

FIGURE 8.1 - TWO LENGTH L STATE SEQUENCES WITH COMMON
OUTPUT LABELS AND A COMMON INCLUDED STATE

We note that it is not possible that i = j since this implies that M is not IL, By

the same arguments as were employed in the case of condition (1) it follows
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that §(sg, aj ag <+ ag) and §(s, by bg -» . by) are one-lossless states for
every k; 1Sk < L. But then, since §(sg, a; ag **+ a;) = § (8, by by ++e- bj)’
we have that §(8(sg, by by <<= by), aj47 aj42 +*+ ay) is a one-lossless state
for every k; i+l <k < L. But this implies that there exists a sequence of

one-lossless states of length L+j-i starting from state § (89, by). Sincej >i
the length of the sequence is greater than L. By construction (§(sg, a1),
8(sg, b)) is a compatible pair on the ITG for M. Hence, by Lemma 8.3, M

is not INV #L. Consequently, neither conditions (1) nor (3) are compatible

with the hypothesis of the theorem and it follows that L < N/2.

The bound on inverse delay for machines satisfying the conditions of
Theorem 8.1 is tight since we can show examples of such machines which
satisfy L. = N/2 for any L. The N state machine defined by the state transi-

tion table of Figure 8.2 meets the bound with equality.
X

S 0 1
1 1 1
8 S
s 3 4
2 0 0
) 85 8¢
3 1 0
8 8
s 5 6
4 0 1
[ 2
s Bj+2 8i+3
1 0
S: S.
Siv1| 1*2_—7 i+3 1
L3
:
'l
3
9
:
:
]

8 8
*N-1] L] 275
8 8

8 1 2
N 0 1

FIGURE 8.2 - A BINARY, INV #L, N STATE FINITE STATE MACHINE
WITH L = N/2 AND MAX #5¢ (s, yly =2
L
S, y



We observe that machines defined as in Figure 8.2 are strongly connected.

Hence, it is possible to find a strongly connected, binary, INV #L machine
with 2L states for every integer L. We remark further that it is possible to

show the existence of such machines with 2L states with MAX #8¢ (s, yL) = 2]
L
S,y

for j =2 as well as for j =1. The series of binary, strongly connected invert-

ible machines defined as in Figure 8. 3 satisfy #Sf (s, yL) =4 and L = N/2 for
every L=2, 3, 4, +++- . We have been unable to find such examples satis-

fying #8¢ (s, yL) =2} and L = N/2 for j 2 3, however,

In general, the bound on inverse delay for binary, strongly connected,
invertible machines appears to depend on #8; (s, yL). It is conjectured that
the tightest possible bound on inverse delay for such machines is given by

LI N/2 - 2071 4

where N = #S and #S¢ (s, yL) = 2j.

We have no proof of this suspected upper bound as yet. It can be seen that for
j =1, 2 the conjectured bound reduces to L < N/2 which is consistent with our
previous results and examples. For j = 3, 4 several examples have been
found for which L meets the conjectured bound with equality. No binary,
strongly connected machines have been found such that L exceeds the bound,

however.

For more general classes of invertible finite state machines we assert
that it is possible to meet the bound on inverse delay L = (I;) with equality if

arbitrary orders of input and output alphabets are allowed. For any N,

91



X L=2 X L even
1 5 0 1
syl 5L~ 82 1 51| Ss - S6 -
so| S3 84 : so| 53 : 84 -
s3] S1 8o 5 s3] S1 5 §2 -
s4| S3 54 5 sq| S8 5 84 5
ss| 87 - 81 -
X L=3 sg| S8 83
1 1 1
s;| 52 53— se| 58— S9 -
so| S4 55— sg| 510 - 510 s
sg| %1 Sg : §
sy| °6 S5 T E
ss| %6 55— S4i+1| F4i3 - 51 o
sg| 51 S4_— Sqj+n| 54ite - 53 -
Sairg| S4B —7T | S4its T
N L s
si| S2 3 T §
so] 5S4 Sg : E
sg| S5 87 - SpL-af 2Ll [ °1 o
sq| S7 81 - So1-2 SoL, pot S3 -
s5| 56 °8_— spL-1] P8~ | %37
sg| 57 Sg_— soL| 84— | 4 _—
s7| S1 65 ;= 1for i odd
sg| s8 S7 - a? = 0 for i even »
- 1=1,2,8 cove 5

L>4
X L odd
5 0 1

| %5~ 6

so| 53 1 84 T

sg| 51 5 82 5

s4] °3 5 84 5

Ss S7 1 83 1

86 SS 1 84 1

8q 89 1 89 1

sa| %10 84

8 1 1

811 811
59 0 1
8 8

H

: .

H

H

i

S4; 8

S4i+3 % 2~
Sqi 8

S4i+4 % 4 1

Saisgl WL |
S4: 84-

:

) S2L-1 89
S2L_3 / 1
SoL-2 S2L 1 84 1

s
seL-1| 5L ~—7 L
821, 52 1 52 0
i=1,2,3 5‘-;3

FIGURE 8. 3 - BINARY, INV #L, STRONGLY CONNECTED FINITE STATE
MACHINES SATISFYING #8¢ (s, yl) = 4 AND
L=N/2FORL=2 3 4, +++
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examples may be constructed which show the validity of this assertion. More-~
over, it is possible to demonstrate a general form for finite state machines
which satisfy L = (l;j) for any N. One such trivial, but valid, construction is
given in Figure 8.4. The 2N undefined transitions on the right hand side of
the state transition diagram of Figure 8.4 may be labelled with any of the N
states. The 2N output labels corresponding to unlabelled transitions should all
be distinct and not appear anywhere else on the diagram. Since the machine of

Figure 8.4 is INV #(I;}) and has N states we have shown by construction that

Theorem 8.2: For every N there exists an INV #L finite state machine with

N states such that L = (I;).

Finite state machines formulated in the manner of Figure 8.4 satisfy
#X = N+1 and #Y = (Ig) + 2N. It is expected that more economical (in terms of
input and output set orders) realizations of machines which satisfy L = (1;) may
be found. It is possible, for instance, to construct an INV #3 binary input,
ternary output machine with three states. The state transition diagram for

such a machine is shown in Figure 8.5.

We present in this chapter one more result; a result which gives a neces-

sary condition for any FSM to be INV #L for L. > N. We state this condition as

Theorem 8.3: If M is an INV #L finite state machine with L. > N, then there

can exist no sy € S and a_.L=a1 89 *eee Ay, andbL=b1 by ¢eee by, with aq 7‘b1
such that A(sg, aL) = A(sg, bL) =@,y Oy coese Oy and such that &, = a; for

every i, j satisfying i < j <L
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S\ 0 1
sl "o 82 -
89 51 - 83 -
83 81 : 83 -

FIGURE 8.5 - A THREE STATE, INV #L FSM WITH L = 3 = (1;‘)

Proof: Suppose M is INV #L with L >N. Suppose further that there exist
S0, al and bl as defined in the statement of the theorem. Since L > N, it
follows that both & (s;, a; agesee 3;) = 0(sg, a3 a9 eeee aj) and
8(sg, by by eeee b ) = §(sg, by bgeees b)) for some i < j <L and
n<m _<_ 1. But this implies that the output sequence A(so, 8y 89 seee a;
(aj+1 3j+2 **°° aj)k) coincides with the first i + (j—i)k letters of the output
sequence A (sg, by by seee by (bn+1~bn+2 seee bm)t) for some arbitrarily"

large k and for any t such that n + (m-n) 2 i + (j-i)K. It follows that M is

not INV #L for any L.

In this chapter we have presented several results concerning upper bounds

on inverse delay. We remark in conclusion, however, that a satisfactory

upper bound on L for the general class of INV #L finite state machines has not
been obtained. Such a bound should be based on the size of input and output
alphabets as well as on the order of the state set. We remark also that even
if attention is limited to binary machines a tight upper bound on L has not as
yet been derived. We believe that in the binary case this bound will vary only

linearly with the order of the state set.



CHAPTER IX
CONCLUSIONS AND RECOMMENDATIONS FOR CONTINUED RESEARCH

Chapters I through VIII contain many rather diverse results concerning
the invertibility of finite state machines and of some special classes of such
machines. Although many results are given in these chapters, it is apparent

‘that several important questions remain unanswered. Continued research
could be profitable in several of the areas which were considered. This final
chapter will summarize the main results which were obtained and point out

certain of the more important remaining unsolved problems.

In Chapter I a very general inverse definition was considered. Delay L
inverses were defined with respect to a particular state. Necessary and suf-
ficient conditions for the existence of such inverses were given, Certain
characteristics of finite state machines which have inverses were shown. An
inverse construction procedure applicable to any FSM for which an inverse
exists was presented. As a consequence of the construction an upper bound on
the number of states in the minimal inverse was derived. The bound appears
quite loose, however, and further research should yield an improved upper

bound.

A more restricted class of inverses was considered in Chapter II. An
FSM is said to have a general delay L inverse if it has a delay L inverse with
respect to every state. An FSM is INV #L if L is the least integer such that

there exists a general delay L inverse. Finally, a machine is invertible if it
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is INV #L for some L. Attention in Chapter Il was confined to the class of
strongly connected FSM's with common input and output set orders (#X = #Y).
The main results of Chapter II are embodied in the derivation of several struc-
tural properties of invertible FSM's of the class considered. These properties
concern the size of certain final state sets (S; (s, yn)) and output sequence sets
(Y" (s)) defined as in Chapter 1. A certain uniformity in the order of these
sets for invertible machines was demonstrated. Further investigation of the
relationships among the cardinalities of these and other sets defined as in

Chapter I may yield some interesting results.

Chapter II also presents a necessary and sufficient condition for strongly
connected FSM's with #X = #Y to be INV #L. It was shown that such machines
are INV #L if and only if for every output sequence y® and for any n there

exists a state in every final state set of the form, Sf (s, yL) which allows y=.

M

The concepts of information losslessness (IL) and information losslessness
of finite order as established by Huffman were considered in Chapter III. Rela-
tions between these concepts and the notions of invertibility given in Chapters I
and I were given. A necessary and sufficient condition for a sérongly con-
nected machine with #X = #Y to be IL was shown. This condition is similar to
the condition shown to be necessary and sufficient for the INV #L property but
is weaker in that it is only required that for any output sequence y® for any n

there exists a state that allows yn.

Chapter III presents an upper bound on the least integer n such that if an

N state FSM is not IL, then there exists a state Sq and input sequences a? #p
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such that both A(s, all) = A(sq, b™) and 8 (s, al) = 8 (sy, b™). The bound
was given as n S(lg) +1. Chapter III also considers bounds on the greatest
integer n such that every output sequence y™ is allowed on an N state, strongly
connected, non-IL FSM with #X = #Y. The problem was not solved satisfac-
torily, however, and the need for further work in the derivation of a good bound

is indicated.

A new type of state equivalence, namely, "output equivalence', was pre-
sented in Chapter IV. It was shown that state reduction resulting from the
deletion of output equivalent states preserves invertibility and in some cases
information losslessness. In addition, it was shown that, for a certain class
of machines, important structural properties are preserved under state
reduction of output equivalent stafes. In particular, for strongly connected,
invertible machines with #X = #Y, the order of the final state set, #S; (s, y7),

is invariant under state minimization for any n. It was further shown that,
although inverse delay may not be preserved by the reduction of output equiva-

lent states, there exists at least one output minimal version which is INV #L if

the original machine is INV #L.

It is considered quite possible that further study of the relationships
between IL and invertible finite state machines and their output minimal ver-
sions will provide some important results. Moreover, the output equivalence

relation itself and the partitions sr,, generated by successive application of

n - output equivalence relations; n = 1, 2, 3, °+°+ ; to the state set appear

worthy of further study. In particular, an upper bound on the integer n such

that o _4 # m, is considered a worthwhile objective for continued research.



The class of finite input memory 4 (FIM (4)) machines was considered in
Chapter V. Several structural properties which pertain specifically to FIM (i),
non-degenerate, maximal state, invertible machines were shown, A uniformity
in the number of states which allow any given output sequence of length n 2L
was demonstrated. In addition, it was shown for any n and any length n output
sequence yn, that the same number of distinct pairs of initiai states and length

n input sequences yield the output sequence yn.

Several properties of the output function associated with FIM, non-

degenerate, invertible machines were considered. Sufficient conditions for an

output function to be characteristic of a binary, FIM, non-degenerate, invertible

machine were given. Similar conditions were given for IL but not invertible
behavior. An important unsolved problem and one which merits continued
investigation consists of the extension of these conditions to show both neces-

sity and sufficiency.

In Chapter VI the invertibility of finite output memory g(FOM (i4))
machines was investigated. A necessary and sufficient condition for a non-
degenerate, FOM machine to be information lossless was given. It was
concluded that for non-degenerate FOM machines, the IL property implies
invertibility. Moreover, the IL property implies an instantaneous inverse.

Hence, FOM machines which are INV #L for L Z 1 do not exist.

Chapter VII considered the class of linear sequential circuits (LSC's). A

problem related to the existence of a special class of inverse LSC's was
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investigated. A necessary and sufficient condition for the existence of feed-
forward inverses for the general class of LSC's was derived. A procedure for
the construction of feedforward inverses, when they exist, results from the
constructive proof of sufficiency. In addition, it was shown that the inverse
delay resulting from such a construction is minimal over all classes of in-
verses. The material contained in Chapter VII is basically an extension of a
result due to Massey and Sain who derived a similar condition for the class of

feedforward LSC's.

The question of upper bounds on L for INV #L machines was considered in
Chapter VIII. By restriction to binary machines with maximum final state set
order two, it was possible to show that L S.N/z, where N is the order of the
state set, is a tight upper bound on inverse delay. It is conjectured that the
upper bound on inverse delay for any binary machine grows only linearly with
N and that, in general, the bound decreases with increasing final state set
order. It was shown in Chapter VIII that the N/2 bouﬂd can be achieved with
equality for strongly connected, binary machines with maximum final state set
orders two and four. No such strongly connected examples were found, for
larger final state set orders, however. The derivation of an upper bound on
inverse delay which grows only linearly with N for either the general class of
binary machines or the class of strongly connected binary machines remains

an important unsolved research problem.

It is noted in Chapter VII that if the orders of input and output alphabets

are arbitrary then it is possible {o construct machines which are INV #L for



L= (Ig). Hence, this well known upper bound on L is tight for the general class
of finite state machines. It is implied, however, that the maximum inverse
delay depends not only on the order of the state set, but on the orders of input
and output alphabets as well. It is conjectured that a tight bound on L for the

general class of INV #L FSM's will include all three quantities.

In conclusion, one more unsolved problem for continued research is noted.
This problem consists of the determination of an upper bound on L for INV #L,
FIM (&) machines. The bound is evidently given by L S_ M. At present this

is only conjecture, however,
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APPENDIX A

EXAMPLE OF FEEDFORWARD INVERSE CONSTRUCTION

Consider the four output, three input, binary LSC with transfer function

matrix

H D) =

D% +D 1 1

0 D 1
D2 + D 1 1/(M +1)
|1 D+1 o

The matrix H (D) has rank three over the field of rational functions over GF (2).

It follows that H (D) is invertible. However, the question of feedforward in-

verse existence is not immediately answered. Inversion of any 3 X 3 submatrix

of H (D) does not directly yield an inverse with feedforward realization. In

order to test for the existence of such an inverse we make use of Equation (10)

of Chapter VII. By direct computation of the elements of Equation (10) we have

Q D) = lem
4 (D) = ged
C D) = ged
and ged

:denominator polynomials of H (D)] =D +1,
(4, ©)]

[cij @)y ]
4D, @ @] =D+1.

)

D2+1;i=1, 2, 3, 4

D+1;1=1,2, 3 j=1,2, 3,; n=1, 2, 3, 4

Evaluation of the left hand side of Equation (10) yields

A(D) pl pf

cd[aD, a@] cO  AD) 1

Therefore, a feedforward inverse does exist. Since L = 0, the inverse delay

is zero.
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The inverse may be constructed by utilization of Equation (30) of Chapter
VI or N
()
RROID=A0Q ® 2, B ®C ®)IMO);=D"1MD
i=1
Proceeding with the computation of the elements of the above we note that
B D) =1 has already been determined. Q' (D) can be found from
Q'@ =Q @/ged [4M), Q@) ] =1
The four 3 X 3 submatrices of G (D) have determininants given by
4; @) =08+ D% +p*+ D3, rows 1,2, 3,
A, ®=D+D° +D* +D2+D+1; rowsi, 2 4,
43(D)=D6+D3+D2+D; rows 1, 3, 4,
4, ®)=D%+D°+D+1; rows 2, 3,4 .
The row designations given for the Ai D); i =1, 2, 3, 4; define the rows of
G (D) = H (D)/Q (D) used to form G (D);. A possible set of polynomials B; (D)

which satisfy Equation (23) of Chapter VII is given by

B; (D) =0 ,
By @) = 0,

By D) = D2+D+1 ,
B4(D).=D2+1
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The reduced adjoint matrices C' (D), defined by Equation (29) of Chapter VII

for i = 3 and i = 4 are given by

D+1 D% +1 D

c' o)y = |1 D+1 p3 + p2
p*+p3+p2+1 Di+D3+D%2+1 o0 ],
_ 0 -
D+1 D% +1 1

' 3

c o, = |1 D+1 D3 +D
D4 +D3+D2+1 D2+D D% + D2,

Note that it is not necessary to compute c' (D)1 and C' (D)g since By (D) =

B, (D) =0. Since B(D)=Q' (D) =1, the inverse matrix R (D) can be
obtained by summing the entr_ies in Bg (D) c' (D)3 and B, (D) c' D, which
relate particular inputs and outputs. The result of the summation in this case

is

D3 +1 pD3+DZ2+D+1 D3+D p3+p+1
R' @)= |D2+D+1 D% +1 D? +D D% +D
pé+pt+p+1 DO+D°+D3+1 DO+D3+D2+1 DE+DZ |,

Since all entries in R’ (D) are polynomials, the inverse has a feedforward

realization.
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